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Abstract 

We construct multi-phase travelling waves which are periodic in time and quasi-periodic 
in the spatial variable for infinite nonlinear chains with nearest neighbor interactions. Such 
solutions have been observed numerically in 17 . Their existence has so far been established 
only for linear systems and in the integrable case of the Toda lattice 03] > UZ|- For a general 
class of nonlinear chains one can show the existence of single-phase travelling waves using either 
perturbation theory |17| or topological methods [2fi| . For travelling waves with more than one 
phase, however, a small divisor problem occurs and the above mentioned constructions fail. 

In this paper we prove a KAM-type theorem which yields the existence of a large family 
of multi- phase waves for a general class of chains. In fact, we show that most small amplitude 
travelling wave solutions of a linear system persist if a generic (analytic) nonlinearity is added 
to the force law (see theorems 12.191 and II 6 . 32fl . Furthermore, we describe the exceptional set of 
nonlinear force laws which are not covered by our theorem. They form a countable collection of 
four-dimensional sub-manifolds in the space of real analytic functions. 

During the past ten years a number of KAM theorems have been developed for infinite- 
dimensional systems (see e.g. 0])- Although none of them implies our result, our 
proof uses many ideas introduced by Craig and Wayne |5] and further developed by Bourgain 
@|, U3- In particular, we follow the analysis of 0] and [S]. In order to show our result the 
techniques of 0|, [S] had to be modified and refined. For example, we extend the analysis of 
0j to obtain enough control on the geometry of certain resonant sets such that the amplitude - 
frequency modulation, provided by the nonlinear dispersion relation, can be used to avoid strong 
resonances. Therefore we are not forced to introduce external parameters in our equation which 
would have no physical justification. Furthermore, we present proofs for a number of statements 
which were formulated in 0], [Hj without proof. 



*This paper was submitted as Habilitaionsschrift to the Ludwig-Maximilians-Universitat Miinchen in 1999. 
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From a technical point of view the essential part of the proof is to control the inverse of 
families of matrices T = D + R where D denotes a diagonal matrix and R is a Toeplitz matrix. 
Although the matrix R is small, it is not dominated by D due to the small divisor problem. 
To obtain estimates on T _1 one employs a multi-scale analysis which is similar to the one 
introduced by Frohlich and Spencer in the context of Anderson localization. We use a new 
version of the Frohlich - Spencer technique containing ideas of Bourgain 0] and of the author 

El- 



Contents 



1 The dynamics of nonlinear chains 



2 Statement of the main result 



3 Overview of the analysis 



4 Notation and definitions 



5 Fourier analysis 



6 The first induction step 



7 


The induction statement for 


7 > 2 




8 


The construction of 


1 for 


7 = 1 




9 


The construction of v;, + 


1 for 


7>2 



10 Construction of the set of polynomials VOC^ +1 ^ for i > 1 



11 Completion of the induction step ?' — > ?' + 1 



12 Solution of the V — equation 



13 Solution of the P-eauation 



14 Estimates on the measure of the set of resonant parameters 



15 Proof of the main theorem L.ltjl 



4 
12 
16 
34 
43 
49 
52 
54 
61 
71 
99 
104 
106 
111 
120 



2 



16 The assumptions of theorem 



El 



17 Weight functions 



18 Properties of the nonlinear part 



19 Properties of the linearized operators 



20 The coupling lemma 



21 A version of the Weierstrass Preparation Theorem 



22 An excision lemma 



23 The construction of v Q a 



24 Remarks on the higher order chain rule 



25 Table of notation used in chapters II and III 



121 
127 
129 
131 
133 
135 
144 
145 
149 
155 



3 



Chapter I 



Introduction 



1 The dynamics of nonlinear chains 

In this paper we study the dynamics of nonlinear, infinite chains with nearest neighbor interactions 
which are governed by a system of differential equations of the form 

d 2 

-^x n (t) = F(x n . l (t)-x n (t))-F(x n (t)-x n+1 (t)), neZ. (1.1) 

The simplest physical model for such a system is a chain of particles each having unit mass, where 
neighboring particles are connected by identical springs. The displacement of the n-th particle at 
time t is described by x n (t). The force transmitted by each spring depends only on the distance 
of the corresponding particles and the force law is prescribed by the function F. In the case that 
the springs obey Hooke' s law the force F is a linear function with F' > 0. In this paper we will 
consider nonlinear force laws F which are strictly increasing functions. As one can easily see from 
(|1.1|) the monotonicity implies that F represents a restoring force, i.e. at all times the force on the 
n-th particle drives x n toward the midpoint (x n _i + x n +\)/2 of its neighboring particles. 

Mechanical systems are not the only applications of (|l.lj) . For example, there is a corresponding 
electric model of chains of coupled LC-circuits. In fact, lattice models are quite frequently used 
in solid state physics, nonlinear optics, material sciences, biology and chemistry (see |5U| . |63[ and 
references therein). Also, from a mathematical point of view, lattice systems are of considerable 
interest. For example, they arise naturally in the numerical analysis of partial differential equations 
either by expanding the equation in a suitable basis in function space or by discretisation of the 
spatial variable. 

Another attractive feature of lattice models is that they are usually easy to analyze numerically. 
They are therefore well suited to discover and study nonlinear effects for differential equations. In 
fact, this was the motivation for the well-known Fermi-Pasta-Ulam experiments Their rather 
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unexpected findings became the starting point for many interesting investigations on the dynamics 
of nonlinear lattices. The idea of Fermi, Pasta and Ulam was to apply the emerging powers of the 
electronic computing machines to simple nonlinear problems which could not be treated analytically. 
As a first problem they chose to investigate the dynamics of chains of 65 particles for three different 
types of force laws. They assumed that the first particle xq and the last particle X64 are pinned, 
i.e. xo(t) = 0, x^(t) = for all times. Recall that in the case of a linear force law F(x) = ax, 
a > 0, any initial value problem can be solved explicitly by expanding the solution in a basis of 
eigenmodes s^ k \ c^ k \ 1 < k < 63, where 

4 fe) (X) = sin(A fe t)sin(n^), c^\t) = cos(A fc t) sin(ra^), and 
A fc := 2^sin(^). 

For linear systems energy is not exchanged between modes corresponding to different indices k. 
The general belief among physicists at the time of the FPU experiments was that the solutions 
of generic nonlinear systems exhibit ergodic behavior (ergodicity hypothesis). To study this effect 
Fermi, Pasta and Ulam decided to investigate thermalization, i.e. the exchange of energy between 
the (linear) eigenmodes which according to the ergodicity hypothesis should eventually lead to 
equidistribution of energy between all the modes. For three classes of nonlinear force laws F (linear 
+ quadratic, linear + cubic, linear + piecewise linear) they studied the distribution of energy 
between the different modes, where at time t = all energy was placed in the lowest eigenmode. 
They were surprised to find that thermalization did not occur. In fact, energy was only exchanged 
between a few modes and in a rather regular fashion. Moreover, after some intermediate time 
(at the order of about 100 cycles, i.e. t ~ 100(27r/Ai)) the system was very close to its initial 
state. They concluded that the "prevalent beliefs in the universality of mixing and thermalization 
in nonlinear systems may not be always justified" Indeed, at almost the same time as the 

Fermi-Pasta-Ulam experiments were conducted the ergodicity hypothesis received another blow. 
Kolmogorov announced at the ICM 1954 his result which implies, roughly speaking, that there 
are open sets of Hamiltonian systems (in the neighborhood of completely integrable systems) for 
which the dynamics cannot be ergodic since there exist invariant sets of small but positive measure. 
Therefore ergodicity is not a generic property of nonlinear Hamiltonian systems. Since Fermi, Pasta 
and Ulam worked in a regime where the amplitudes and hence the effects of the nonlinearity were 
moderate it is conceivable jHEj that they were observing traces of the quasi-periodic motion whose 
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existence Kolmogorov had announced in 1954 (the details of the proof of Kolmogorov's result were 
subsequently given by Arnold in the analytic case and by Moser in the C°° - case leading to what is 
now called KAM theory). It was later observed numerically (see 63 ) that energy sharing between 
modes is enhanced by increasing the total energy of the system. However, until today no general 
result on the long time behavior of nonlinear Hamiltonian systems has been proved and despite 
a number of interesting examples and results the original questions of Fermi, Pasta and Ulam on 
ergodicity, mixing and thermalization of nonlinear conservative systems are not resolved. 

The findings of Fermi, Pasta and Ulam led to a series of numerical studies by a number of 
people. One of the striking features which were observed was that nonlinear lattices allow not 
only the propagation of periodic waves but also the propagation of localized pulses (solitons), a 
genuinely nonlinear phenomenon. Although some of the numerical results could be explained by 
considering the Korteweg -de Vries equation as a continuum limit of the lattice equation there was 
hardly any rigorous analysis. In order to overcome the lack of analysis, Toda set out to find a 
particular nonlinear force law for which one could write down explicit travelling wave solutions. By 
some ingenious considerations [M] (see also |63j ) he found that for F(x) = e x (Toda lattice) there 
exist periodic wave solutions which can be expressed in terms of elliptic functions. Toda's success 
was more thorough than one would have expected. Flaschka j2Zj 5 |2H] and independently Manakov 
[5T] found that the Toda lattice belongs to the select class of completely integrable systems. Not 
only the dynamics of finite lattices can be analyzed completely (see e.g. 1521 ) but also the dynamics 
of infinite chains can be investigated via the inverse spectral transformation. As Toda had hoped, 
many rigorous results on the dynamics of the Toda lattice have been established, shedding light 
on the behavior of general nonlinear lattices. During the last ten years, motivated in part by the 
success of the Toda lattice, analytic results were also obtained for non-integrable lattices. Most of 
these results concern the propagation of waves. In the non-integrable case the main focus so far 
has been in establishing the existence of travelling wave solutions (as an exception see |29j for a 
remarkable stability result for solitons). In the integrable case, in contrast, one can analyze the 
long time behavior of solutions for a large class of initial value problems. 

We will now describe some of the results obtained for nonlinear lattices. Hereby we restrict 
ourselves to infinite lattices with nearest neighbor interactions. In particular, our discussion will 
not include another famous lattice model, the Calogero - Moser lattice [J], [HS] where all the 
particles interact with each other and which again constitutes an integrable system. Also, we will 
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not discuss the dynamics of higher dimensional lattices (see |5U| and references therein) . 

We start by briefly explaining the integrability of the Toda lattice as discovered by Flaschka 
|27| and Manakov [SJ. We introduce Flaschka' s variables 

a n (t) := b n {t) := ± e i<«*(0-W*)>. 

Set Lit) to be the symmetric tridiagonal matrix with entries a n (t) on the diagonal and off-diagonal 
entries b n (t). Furthermore, set B(t) := L + {t) — L^_(t) where L + denotes the upper triangular part 
of L. The equation for the Toda lattice can be written in Lax-pair form, i.e. 

(x n ,x n ) solves Toda 44> L = [B, L] (:= BL — LB). 

The consequences of this observation are striking. It is not difficult to see that a family of operators 
L(t) which satisfies L(t) = [B(t), L(t)] for some family of skew-symmetric operators B(t) is unitarily 
equivalent, i.e. for every t there exists an unitary operator Q(t) such that L(t) = Q(t)L(0)Q*(t). 
This implies in particular that the spectrum of Lit) is independent of t. Moreover, recall that 
tridiagonal symmetric operators are determined by the spectrum together with a set of additional 
data (the first components of the eigenvectors in the matrix case, the auxiliary spectrum in the 
periodic case and scattering data in the case of infinite operators with entries a n , b n converging as 
\n\ — > oo). In all three cases one can show that all spectral data needed to reconstruct the operator 
L(t) evolve simply in time and can be deduced from the corresponding data at time t = by 
explicit formulae. This implies, for example, that we can use the spectral transformation to solve 
initial value problems. Starting with initial conditions x n (0), x n (0) one defines the operator L(0) 
via Flaschka's variables. Then one has to determine the spectral data for L(0). The corresponding 
spectral data for Lit) are obtained by explicit formulae. Applying the inverse spectral transforma- 
tion yields the values for x n (t). Instead of solving a dynamics problem we now have to study the 
spectral transformation and its inverse. Such a remarkable method for solving nonlinear differential 
systems was first discovered through the pioneering work of Kruskal et al. 33 and Lax |49j for 
the Korteweg - de Vries equation. Nonlinear partial differential equations which can be written in 
Lax-pair form are often called integrable partial differential equations. There is quite a number of 
such equations (see e.g. [Q). In addition to the Toda lattice and the Korteweg - de Vries equation, 
the nonlinear Schrddinger equation and the Boussinesq equation belong to this class. It turned out 
that in the scattering case one can analyze the inverse spectral transformation very efficiently by 
formulating it as a matrix - valued Riemann - Hilbert problem. Deift and Zhou [2U], have 
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introduced a nonlinear steepest descent - type method to analyze parameter dependent Riemann 

- Hilbert problems. Their technique was used and further developed in ^2] - JE]) |19| - [2j Matrix 

- valued Riemann - Hilbert problems not only appear in the theory of integrable systems but have 
recently been used to establish new asymptotic results in such diverse fields as statistical mechanics 
|12j . combinatorics orthogonal polynomials |15j . |45j and random matrix theory [Tl], |16j . 

Let us return to the results for the Toda lattice. In one direction, Deift and T-R McLaughlin 
|18j study the continuum limit of the Toda lattice. Their work yields an important case study 
to understand the relation between solutions of hyperbolic systems which develop shocks and the 
solutions of the corresponding spatially discretized systems. In another direction, towards an 
understanding of wave propagation in nonlinear lattices, the dynamics of driven semi-infinite lattices 
was analyzed. Since this particular class of initial boundary value problems is also the starting point 
for the present work, we explain it now in more detail. 

Consider the following class of initial boundary value problems 

x n {t) = F(x n - 1 (t)-x n (t))-F(x n (t)-x n+1 (t)), n > 1, 
x (t) = h(t), t > (1.2) 
x n (0)-nd = 0(e- an ), x n (0) = 0(e~ an ) {deR,a>0), 

which describes the motion of a semi-infinite lattice which is driven from one end by particle xq 
of prescribed motion hit). In numerical experiments Holian and Straub |3H] made a remarkable 
discovery. They investigated the shock problem where the driver moves toward the lattice at 
constant speed a (i.e. h{t) = at, a > 0). They observed that for a large class of nonlinear force 
laws F, there was a critical speed a* 6 (0, oo). For sub-critical driving speeds < a < a*, the 
n-th particle x n (t) — ► at + nd! as time t — > oo. This means, in the frame of the driving particle 
the lattice eventually tends to a quiescent lattice with some new lattice spacing d' . On the other 
hand, for supercritical driving speeds (a > a*) the particles, viewed again in the frame of the 
driver, keep oscillating for all times. The energy generated behind the shock front is never entirely 
dispersed. This effect is genuinely nonlinear; linear lattices exhibit sub-critical behavior for all 
driving speeds a > 0. In the case of the Toda lattice the shock problem could be analyzed in detail 
using integrability [HZ], [EE], jlOj, |S]- In fact, not only the existence of a critical shock speed could 
be explained, but also a detailed description of the propagation of the shock, and of the region 
of modulated waves behind the shock was derived. More recently, the rarefaction problem was 
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investigated as well. Here one withdraws the driver from the lattice at constant speed a < 0. Again 
there exists a critical speed a* G (— oo,0). For sub-critical speeds a* < a < the lattice tends to 
a rarefied but quiescent lattice moving at the speed of the driver. For supercritical speeds a < a*, 
however, the driver moves away from the bulk of the lattice which then behaves like a free semi- 
infinite lattice. The distances between neighboring particles tend to infinity at a logarithmic rate. 
For the Toda lattice this genuinely nonlinear behavior was established in [1\ for the supercritical 
case. 

Let us now assume that the driver in system (jl.2j) undergoes a periodic motion 

h(t)=p( 7 t), (1.3) 

where p denotes a 2-7r-periodic function and the parameter 7 > represents the frequency of the 
oscillations of the driver. Although the corresponding initial boundary value problem seems very 
similar to the shock and rarefaction problem described above, the crucial difference for the analysis 
is that the periodically driven semi-infinite lattice is not integrable for any nonlinear force law, 
including the Toda lattice. In problem Q1.2JI . ()1.3|) was studied numerically. We observed 
the following time asymptotic behavior. There exists a sequence of thresholds 00 =: 70 > 71 > 
72 > . . . > 0, such that for driving frequencies 7^ > 7 > 7^+1 the solutions of ljl.2|) . (jl.3j) are 
well described by travelling i^-phase waves, as time becomes large, except for a boundary layer 
close to the driver. More precisely, there exists a function x defined on the ^-dimensional torus 
T u = (JI/2it'L) u and real numbers d, u)\, . . . , u v such that for t/n large 

x n (t) x® s (t) = dn + xi^in ~ 7*, w 2 n - 2jt, . . . ,uj u n - vjt) + C(e _/3n ), n > 1, 

for some (3 > 0. One of the goals of was to construct the numerically observed limit cycles 
x as for small amplitudes of the driving function h by perturbative methods. It turned out that the 
main difficulty in the construction were resonances (Z7 is contained in the continuous spectrum of 
some associated linearized operator for I = 0, ±1, . . . , ±z/) leading to an over-determined equation. 
In order to overcome this problem it was necessary to obtain sufficiently ample families of travelling 
wave solutions of the doubly infinite lattice, i.e. solutions of the form 

x n (t) = x( w i n — 7*3 — 2~/t, . . . , uj v n — u^t), n G Z, (1-4) 

where again % is a function on the v - dimensional torus T u . In the case v = 1 such families of 
travelling wave solutions (with small amplitudes) can be constructed by a standard Lyapunov - 
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Schmidt reduction argument (see |17j). However, for v > 2 a small divisor problem occurs. It is 
the goal of the present paper to overcome this small divisor problem and to show that for generic 
nonlinear real analytic force laws F there exist uncountably many solutions of of type l|1.4|) . 
Note that for linear lattices such solutions can be obtained by a simple superposition of travelling 
one-phase waves (see section 12.11 below) and in the case of the Toda lattice (F(x) = e x ) such 
solutions can be expressed explicitly in terms of theta- functions (see |43| , |17j ) . 

Small divisor problems have a long history in the theory of nonlinear dynamical systems. In fact, 
many investigations in the field of celestial mechanics were aimed at understanding the effects of 
resonances or near resonances which are the physical reason behind the occurrence of small divisors 
(see [3] for the history of the three body problem in celestial mechanics). A general method to 
overcome such problems was presented only in the middle of this century, when the above mentioned 
KAM theory was developed for finite dimensional Hamiltonian systems. The basic idea is to use 
a rapidly converging iteration scheme to balance the effects of the small divisors. In recent years 
this idea has also been extended to infinite dimensional systems, establishing the existence of finite 
dimensional invariant tori. In infinite dimensions, two somewhat different methods have been most 
successful. The first method, developed by Kuksin [IB] and Poschel [SH] (see also [37], extends 
the classical approach of KAM-theory to iteratively construct a normal form using a sequence of 
symplectic transformations (cf. [23], pl|> |HZJ)- The second method, introduced by Craig and 
Wayne in 0, uses Fourier analysis to obtain a nonlinear equation on a lattice. They apply a 
Lyapunov - Schmidt reduction to this equation. The infinite dimensional part of the reduction 
contains the small divisor problem which is overcome by a modified Newton scheme in the spirit of 
the Nash - Moser technique. The main difficulty in this procedure lies in inverting matrices of the 
form D + R, where D is a diagonal matrix dominating R, except for some diagonal entries D(n, n) 
of small absolute values which represent the small divisors. The lattice sites n where \D(n, n)\ is 
of order 0(|i?|) are called singular sites. To control (D + R)~ l the separation of singular sites 
plays an important role. In the work of Craig and Wayne the existence of families of time-periodic 
solutions was established for (1 + 1) - dimensional nonlinear wave equations [2j and for (1 + 1)- 
dimensional nonlinear Schrodinger equations |lUj . For the construction of quasi-periodic solutions 
(in time), however, the singular sites are less separated and a new idea was needed. Such an idea 
was provided by Bourgain [3] who introduced a multi-scale analysis to overcome this difficulty. He 
established the existence of quasi-periodic solutions for (1 + 1) - dimensional wave equations [3] 
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and for (1 + 1) - and (1 + 2) - dimensional nonlinear Schrodinger equations [I], |S] (cf. [5] for a 
finite dimensional application of his technique). The estimates on the inverse matrices (D + it!) -1 
in the work of Craig - Wayne and in the work of Bourgain are based on a technique which was 
first introduced by Frohlich and Spencer [3^ in the theory of Anderson localization, where similar 
inversion problems occur. Note furthermore that the idea of using a Lyapunov- Schmidt reduction 
to prove the existence of quasi-periodic solutions was already used by Scheurle jSH], [00] in the 
context of finite dimensional systems. 

In our proof of the existence of travelling multi-phase waves we follow the construction of 
Bourgain 4 . In order to obtain our result we will modify and refine his method at various points. 
Hereby an important role is played by a new version of the coupling lemma in the Frohlich - Spencer 
technique which the author first presented in |44| . A more detailed description of our proof will be 
given in section [3] after the statement of the main result in section [21 

We conclude this section by briefly describing related results on the existence of travelling waves 
in nonlinear (non-integrable) infinite chains with nearest neighbor interactions. In contrast to our 
theorem, all results obtained previously concern the construction of one-phase travelling waves 

x n (i) =x{un--yt). (1.5) 

These results are either of perturbative nature (i.e. small amplitude solutions) or they are derived 
by variational methods. The existence of solitary travelling wave solutions with prescribed potential 
energy was shown by Friesecke and Wattis [HO] for a large class of force laws. Later Smets and 
Willem |HJ used a different variational formulation to construct solitary waves with given wave 
speeds (see [00] for extensions). Periodic travelling waves were constructed by Filip and Venakides 
|2(j| . All of the just mentioned results do not require smallness of the solutions. 

Regarding small amplitude solutions the above mentioned paper of Friesecke and Pego [20] 
yields a remarkably detailed analysis of solitary waves at near sonic speeds, including their stability 
properties. Small amplitude periodic travelling waves were constructed by Deift, Kriecherbauer, 
Venakides in ^7J. Georgieva, Kriecherbauer and Venakides |34j . [35j have extended the analysis 
of ^7] to diatomic chains with periodically varying masses (of period 2) discovering interesting 
resonance phenomena which might provide a mechanism for frequency doubling. 

Finally, we mention that the existence of travelling single-phase waves has also been established 
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for a related system of coupled oscillators which is described by 

x n = x n -i + f{x n ) + x n+ i. (1.6) 

A general and powerful method to determine all (small amplitude) solutions of Q1.6|) of the form 
H1.5|) was recently presented by Iooss and Kirchgassner [^5]. They use their technique to construct 
solutions with interesting and unexpected profile functions \- 

2 Statement of the main result 

In this section we formulate our main result. We will construct solutions of 

x n (t) = F(x n - 1 (t)-x n {t))-F(x n (t)-x n+1 (t)), n£Z,t£R, (2.1) 
which are of the form 

x n (t) = nb + x( n ^i — 7*> • • • ! nuj v - vjt) (2.2) 

for some v £ N \ {1}, b, 7, w» G R and % ■ (M./2irZ) u = TT -> R. Solutions of this form describe 
time-periodic travelling multi-phase waves where v denotes the number of phases. As explained in 
section ^ there is numerical evidence that such solutions exist for a large class of force laws 
F. Note that we exclude the case v = 1 from our considerations because in this case there is no 
small divisor problem and the existence of periodic single-phase waves has already been proved in 
|17j . Roughly speaking, our main result shows that for generic analytic force laws F, sufficiently 
low frequencies 7 > and most values of averaged lattice spacings b there exist uncountably many 
solutions of type (|2.2|) with small amplitudes. These solutions can be parameterized smoothly by 
z £ Z C C u where Z is a set of relative large measure in a neighborhood of the origin. In the 
following we will make this statement precise. In order to understand the origin of this class of 
travelling waves we first discuss the linear case. 

2.1 The linear lattice 

Suppose F(x) = ax with a > 0. A function 

x n (t) = e'^ n - 7i) (2.3) 
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solves (j2.1|) if and only if the frequencies 7 and u satisfy the following dispersion relation 

7 2 = 4asin 2 |. (2.4) 

For given 7 > there exists an unique v 6 No with 

{yif < 4a < ((i/ + l) 7 ) 2 . (2.5) 

Note that in the case v = (i.e. 7 > no bounded solution of (|2.1j) of the form ()2.3j) exists. 

Assume 1/ > 1 and define 



ujf ] :=2arcsin(^0 G (0, tt] tor ./ t { I „}. (2.0) 

For * € C , 6 € R set 

x n (t;b,z) := nb + xi M (w (0) n - 57*), where (2.7) 

V 

x fn) , r ^ Rj x (M(^ )= ^ (% . e ^ + ^ e -^ )) (2 . 8) 

" (0) := (^ 0) ,...,4 0) ), (2-9) 
9 := (1,2,...,!/). (2.10) 

The functions (x„(- ; 6, z)) n ez provide a family of solutions of (|2.1|) of type (|2,2|) . 
2.2 Assumptions 

In this section we state four assumptions which will constitute the hypothesis of our main theorem 
12.191 They concern the force law F, the averaged lattice spacing b and the (time-) frequency 7. 
Assumption Al: F is real analytic in a neighborhood of —b with F'(—b) > 0. 



Assumption A2: < 7 < y/F'{-b) and 2 v / F'(-6) £ 7Z. 
Assumption A2 implies the existence of u G N\{1} satisfying 



v~f < 2^F'(-b) < (1/+ 1)7. (2.11) 

We set 

u4 0) := 2arcsin( J1 | £ (0, vr) for j 6 {1, . . . , v\. (2.12) 

^ := (^ 0) ,...,4 0) ), (2-13) 
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Note that these definitions are consistent with the corresponding definitions in section |2~T1 
Assumption A3 (diophantine condition): There exist positive constants s and r such that 

dist(< u (0) , m >, 2vrZ) > for all m G Z \ 40L (2.14) 

We have used the notation < a,b >= J2i=i a i°i f° r o, b £ W. Before we can state assumption A4, 
we need a few more definitions. 

JO) 

for (2.15) 

4sin 3 (^) 

Recall the definition of the integer vector g in (|2.1U|) . For to G Z v and to G R 1 ' we set 

F'(-b) if < g,m >= 

y(w)(m) := { 2 2 (2.16) 

n-i-J-J^fi^ else. 

Here we understand V(uj)(m) = oo in the case < g,m >^ and < u, to >G 27rZ. Denote by 

ej := (0, 0,1,0, ...,0) £Z". (2.17) 
Set = £1 to be the v x v matrix with entries 



f ^ 3A7 1 F"(-fe) 2 . - F"'(-b) if j = /, 

n<f =n jr .= < > n- (0) )(2 ei ) v V x (2.i8) 

' 1 2A^ (V(-6) 2 ( vM ,4 j+e;) + y(hyW) i (ej _ e|) ) -^(-6)) ifi^Z. 

It is shown in lemma fl6.ll that the entries of O are well defined real numbers. 

Assumption A4 (non- degeneracy condition): No entry of £1 vanishes and detSl ^ 0. 

In theorem 116.321 we formulate and prove our claim that assumptions Al - A4 are generically 
satisfied. 

2.3 The Theorem 

Theorem 2.19 Suppose F : R — > R, b G R and 7 G R+ satisfy assumptions Al - A4- Let g, v, 
u/°) 6e defined as in \2.1U\) - above and let < « < 1. TTien i/iere exist p > 0, a measurable 

set Z C 17,(0) = {2 G C : \z s \ < p , 1 < j < v] and functions uj : U p (0) -> M u , x ■ T" x U p (0) -> R 
suc/i i/taf /or et>ert/ z £ Z the functions 

x n (t) = nb + x(u(z)n- 9Jt,z) n G Z, t G R, (2.20) 
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define solutions of system \2.1\) of type \2.2\) and statements \2.21\) - \2.24\) below hold. 



vol(Z) > k vol(Up(0)) (volume with respect to Lebesgue measure in R 



(2.21) 



the map z t— > x("> z ) is one t° one 



(2.22) 



\u(z)-uW\ = 0(\z\ 2 ), 
sup£ gT „ x(£,z) - Xz* n \0 = C(l z | 2 ); ( see lE W ) and where for z G U p (0) 



(2.23) 



(2.24) 



(2.25) 



VI' 2 ' ' ' ' ' v 



Remark 2.26 Theorem 12 . 191 together with theorem 116.321 implies that most small amplitude trav- 
elling wave solutions (|2.7|) of the linear system persist if generic higher order terms are added to 
the force law. The profile function x{'i z ) as wen as the- frequency vector oj{z) differ from the 
corresponding linear quantities only to order |z| 2 , where \z\ is a measure of the amplitude of the 
oscillations (see ()2.23[) and (|2.24|) ). Statements (|2.21|) and ()2.22|) imply that we have constructed 
uncountably many solutions of (|2.1j) of type (|2.2|) . 

Remark 2.27 We have required in assumption A\ that the force law is analytic. This will ensure 
rapid decay on the sequence of Fourier coefficients. As in classical KAM theory one might expect 
that it suffices to assume some finite regularity. A first step to support this view for infinite 
dimensional systems has been taken in jHJ. In this paper we do not investigate the question of 
minimal regularity and treat only the analytic case. The second assumption in Al, F'{—b) > is 
necessary for the existence of (bounded) travelling waves in the linear case as the analysis of section 
12. II shows. Recall from the first paragraph of section ^ that this assumption also has the physical 
interpretation that F represents a restoring forces on the lattice. 

Assumption A2 can again be understood from the linear case. It implies that the linearized 
equation carries multi-phase waves with two or more phases. Furthermore, assumption A2 excludes 
those frequencies where the number v of phases changes. 

The diophantine assumption Ai implies that small divisors do not appear for low Fourier modes. 
Such a condition (possibly in a weaker form) is needed to start the Newton iteration scheme. 

Assumption A\ will be used to show that the nonlinear dispersion relation u>(z) is not degenerate 
to second order. This implies, roughly speaking, that the dependence of uj(z) on z is sufficiently 
large to ensure that we can avoid resonant parameters (z,u(z)) by small changes in z. 
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3 Overview of the analysis 

Our proof of theorem l2.19l is based on a method which was first introduced by Craig and Wayne to 
construct Cantor families of time-periodic, small amplitude solutions for nonlinear wave equations 
[S] and for nonlinear Schrodinger equations ^U], where the spatial variable lives on a finite interval 
and either Dirichlet or periodic boundary conditions are prescribed. The basic strategy of Craig 
and Wayne is to expand the solution with respect to the eigenfunction basis of the corresponding 
linearized operator. This leads to a nonlinear equation on a two-dimensional lattice. Then they 
apply a Lyapunov - Schmidt reduction. The small divisor problem is contained in the infinite 
dimensional part of the reduction. In order to solve this equation Craig and Wayne devise a 
modified Newton scheme in the spirit of Nash - Moser implicit function theorems. At each step of 
the iteration scheme the crucial difficulty lies in deriving estimates on the inverse of matrices T(A) 
where A denotes a parameter. More precisely, at the k — th step of the iteration ?\(A) represents a 
family of x matrices (L& grows exponentially with k) and one has to show that, except for a 
small set of parameters A, the inverse matrices T fc ~ 1 (A) can be bounded in a suitable norm by 
for some function $ of sub-exponential growth at oo (e.g. <3? polynomial). The matrices Tfc(A) are 
of the form D + R, where D is a diagonal matrix and R is small with respect to some norm. Clearly, 
if the entries of the diagonal matrix D were bounded away from zero and R were sufficiently small 
such that ||.D _1 ii|| < 1, i.e. if we were in the case of diagonal dominance, the inverse of D + R 
would exist and could be expanded in a Neumann series. However, the existence of small divisors 
is reflected in the fact that for all parameter values A the matrices Ifc(A) have diagonal entries 
Tfc(A)(n, n) of small absolute value and we are therefore not in the case of diagonal dominance. The 
corresponding lattice points n with |Tfc(A)(n, n)\ = 0(\R\) are called singular sites. The location 
of these singular sites, in particular their mutual distances, determines how difficult it is to obtain 
the required estimates on T^ 1 (X), if it is possible at all. In j^j, JO] Craig and Wayne proved that 
for most parameter values A, singular sites n (respectively clusters of two singular sites) are well 
separated. As a consequence the effects of different singular sites decouple, i.e. one can restrict 
oneself to investigating submatrices of Tfc(A) which contain at most one singular site (respectively 
one cluster of singular sites). The inverse of such submatrices can be controlled by studying the 
dependence of their small eigenvalues on A. 

For the construction of quasi-periodic solutions, however, there is less separation of singular sites 
than in the periodic case. This has the effect that clusters of singular sites cannot be decoupled. 
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The analysis of Craig and Wayne had to be developed further. This was done by Bourgain who 
added a multi-scale analysis to the procedure of Craig and Wayne. Bourgain was able to prove 
the existence of quasi-periodic solutions of nonlinear Schrodinger equations and nonlinear wave 
equations jlj, jH]. 

The results of Craig - Wayne and Bourgain are based in some form on proving exponential 
localization of the eigenvectors corresponding to small eigenvalues. A powerful technique for proving 
such localization results for a similar class of operators was introduced by Frohlich and Spencer 
[31 1 in the theory of Anderson localization. Their method has been used and further developed by 
many authors (see e.g. [23], [32], [S3], [S2]> [Sji E! [Mj- [S]> EH) including the above mentioned 
work of Craig - Wayne and Bourgain. 

In the remainder of this section we explain in more detail how the method of Craig - Wayne 
and Bourgain can be used to prove theorem 12.191 In order to keep the overview of the analysis as 
non-technical as possible we will introduce some simplifications. In remarks I3.28ll3.3l7l 13.351 13.391 
below we describe the modifications which are necessary to treat the full problem. At the end of 
this section we outline the plan of this paper. 

The first step of our analysis is to perform a Fourier transformation of the equation. To this 
end we expand the function x('i z ) ( see 12201) 

m ^-2zsm(< W (z),m>/2) 

Note that we will work with the modified Fourier coefficients u m (z) rather than with the sequence 
u m {z) itself, mainly for the reason that the nonlinear part of the equation takes a simpler form 
when regarded as a function of (u m ). The letter z denotes a parameter of the construction. The 
interpretation of this parameter is given by the relation 

U ej (z)=Zj, l<j<u, 

which will hold by definition. It is our task to determine the nonlinear dispersion relation uj(z) and 
the sequence of modified Fourier coefficients (u m {z)) m& i i/ ■, for a large family of parameters z £ C u , 
in such a way that the corresponding multi-phase waves (defined through Q2.2U[) ) solve equation 
()2.1[) . In section [3J below we derive the equations for uj and (u m ) (see proposition I5.22|) which can 
be written in the form 

{D{uj)u + W(u)) m = formeZ v \{0}. (3.1) 
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Here D(uj) denotes a diagonal matrix, 

D(u)(m,n) = 5 m , n \F'(-b) - t£^0 \ , (3.2) 

and represents the linearized equation, whereas W(u) contains the nonlinear part of the equation 
with W{u) = 0(\u\ 2 ). Observe that D(u)(m, m) is not defined for < u;,m >G 2-7rZ. As it turns out 
this causes only minor difficulties in our analysis (see remark T3.39I below) . In case <uj,m> G 2-7rZ 
we shall define D(oj)(m,m) = oo if < m,g >^ 0, and D(uj)(m,m) = F'(—b) if < m, g >= 0. Using 
the symmetries of the system (see remark f3.28j) we may restrict ourselves to search for solutions 
("m)m6Z" = (u(m)) me .z" of (|3.1|) which lie in the set 

{u : I? -» C : u(0) = 0, u(m) = u(-m) G R for m G 1?}. (3.3) 

In order to apply a Lyapunov - Schmidt reduction to (|3.1|) we determine the kernel of the 
diagonal operator D(uj^) where u/°) (see (|2.12|) . ()2.13|) ) satisfies the dispersion relations of the 
linearized equation. It follows from the definition of u/°) that D(oj^)(m, m) = for all m G S 
where 

S:={e jf - ej :l<j<v}. (3.4) 

In order to show that D(uj^)(m,m) ^ for all m G 7L V \ S one needs to employ the diophantine 
condition of assumption A3. Hence the dimension of the kernel of -D(u/°)) is 2v and 

ker D(w (0) ) = {u : u(m) = for m G Z u \ S}. 

Define Q to be the projection on the kernel 

{u(m) if m G S, 
(3.5) 
else . 

We denote by P the complementary projection 

, p w v / < m ) if^GZ^\(5u{0}), 

(Pu)(m) := < (3.6) 
[ if m G cSU{0}. 

Note that P = Id — Q holds for all sequence spaces which require u(0) = 0. Since we look for 
solutions in such a class (see ([3.3)0 we may decompose 

u = Qu + Pu = x + v. 
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With this notation one can write equation Q3.1|) in the following way 



D(u)x + QW(x + v) = (Q - equation) 



(3.7) 



D(lo)v + PW(x + v) = (P - equation). 



(3.8) 



In a standard Lyapunov - Schmidt reduction the operator L>(u/°)) has a bounded inverse on the 



P - projection of the space. Therefore the second equation can be solved by the implicit function 
theorem which determines v = v(x,u) as a function of x and u. Inserting v(x,uj) into the first 
equation one obtains a degenerate, finite dimensional equation depending only on x and u. This 
equation is often called the bifurcation equation. Typically, the bifurcation equation can be solved 
by determining the nonlinear dispersion relation u) = oj{x). In this way one has constructed a family 
of solutions, parameterized by (small) x which correspond to solutions of the linearized equation. 
This procedure works without any difficulties in the case u = 1 leading to small amplitude single- 
phase travelling waves ^7]. However, in the case v > 2 considered in this paper it is clear from 
(|3.2|) that -D(u/°)) does not have a bounded inverse on the P - projected space because the diagonal 
entries of D(u/°)) accumulate at 0, reflecting the small divisor problem. As a result we will not be 
able to solve the P - equation for all values (x,uj) in a neighborhood of (0,u/°)) but for a Cantor 
- type subset M°° of relative large measure. Since we also need to satisfy the bifurcation equation 
()3.7|) . not only the measure but also the geometry of the set M°° must be controlled. Indeed, we 
have to show that the subset {(x,lu(x)) : x small } of codimension v lies in M°° for most values of 
x. 

We now describe the analysis of the P - equation in more detail. In the reduced space (|3.3|) we 
can parameterize the kernel of D(uj^) by (p(a), a G M. u , where 




(3.9) 



Furthermore we denote 



A 




(3.10) 











(3.13) 
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Chapter II is devoted to solving the P - equation. More precisely, we show that there exist a 
positive number pi, a smooth function v(X), defined for A G AA 1 ) = B Pl (X^), and a subset M°° 
of AA 1 ) such that v(X) = Pv(X) and V(v(X), X) = for all A G AA°° (cf. theorem IT2~1) . Following 
Craig and Wayne we construct v by a modified Newton scheme, v := Hindoo Vj where 

^i(A) = 0, 

v J+1 (X) = vj(X) - T^ 1 (X)V(vj(X), X), with (3.14) 
T^X) = [D{u) + DW^(a)+v,{X)}\ Kj 

and Aj is a nested sequence of finite lattices exhausting the set W \ ({0} U S). Roughly speaking, 
if one can show that T^~ 1 (X) is bounded by Q(#Aj) in a suitable norm for some function of 
sub-exponential growth at infinity (e.g. $ polynomial) and #Aj grows exponentially with j, then 
the sequence Vj(X) will converge to some function v(X) which solves V(v(X),X) = 0. Note that 
the modification of the Newton scheme consists in restricting the linearized operator Tj to some 
sub-lattice. The truncation of the high Fourier modes corresponds to the regularization operations 
used in the Nash - Moser technique. The error introduced by this modification of the Newton 
scheme can be controlled employing the decay of the sequences Vj(m) (in m). The decay of the 
Vj's stems from the regularity of the equation. To this end we have required in assumption Al the 
force law to be analytic. In a recent paper Craig and Su [S] have shown in the case of time-periodic 
solutions of (1+1) - dimensional nonlinear wave equations that analyticity can be replaced by some 
finite regularity assumption. This suggests that the method of Craig and Wayne can generally be 
extended to the non-analytic case. However, we will not pursue the question of minimal regularity 
in this paper. 

The main difficulty of the iteration scheme (|3.14|) is to prove the existence of the inverse matrix 
T~ (X) and to derive the corresponding bounds. It is clear that such bounds cannot hold uniformly 
for all values of the parameter A G Af^. Even for the diagonal operator D(oj) estimates on 
the inverse matrices | (Z? | A ^ ) _1 (oj) | < $(#Aj) require some diophantine conditions on u. Such 
conditions cannot hold in any open neighborhood of u/°) . Therefore we may only expect to bound 
T J ^ 1 (A) for A belonging to some subset C AA 1 ). Definition (|3.14|) only applies for A G 
For technical reasons we will extend Vj+i to a smooth function on all of but for values 

A G we cannot control \P{vj + \(X), A)|. The sets of good parameters form a nested 

sequence and M°° denotes the intersection of all these sets. 



20 



We determine the sets M^' of good parameters and the estimates on (A) by a multi-scale 
analysis similar to the one used by Bourgain 4 . In order to explain the multi-scale analysis we 
consider a class of matrices which have a similar structure as the matrices Tj(X) but which are 
easier to analyze. We show in remark I3.3UI below how to modify the argument to treat the case at 
hand. Set 

T(u))(m, n) = (< uj, m >)5 m ,n + r(m — n), m,n£Z u . (3.15) 

Here r denotes a sequence on 7L V which has small norm and r(m) — ► for \m\ — ► oo at a sufficiently 
fast rate. Observe that the matrices T(u) are of the form D + R where D is diagonal and R is 
a Toeplitz matrix with entries decaying rapidly with the distance from the diagonal. These are 
exactly the properties which are shared by the matrices 7} (A) (see (|3.14|0 and which are basic 
requirements for a multi-scale analysis. 

The main idea behind the multi-scale analysis, which was first introduced by Frohlich and 
Spencer pTE] . can be described in the following way. Denote by Ni < N2 < N$ < . . . a suitably 
chosen sequence of length scales and fix a suitable function &(x) of sub-exponential growth at 
infinity. For fixed parameter u we say that a lattice site n £ Z w is w-moderate at scale j, if 

\\T(u)\^ n) \\ < Mj = 9(Nj) 

where B^^n) = {m G TL V : \m — n\ < Nj} and || • || denotes a suitable weighted operator norm 
(which will depend on j). To see the significance of this definition assume that A is some sub-lattice 
of iy and suppose that there exists an integer jo such that each n S A is w-moderate at some scale 
1 < j < jo- Then one can construct an inverse of the restricted matrix T(u))\\ and the bound 
on the inverse is roughly given by Mj . In other words, we can paste together the local inverse 
matrices T(oj)\~^ , s to a global inverse T(w)|^ 1 . In section |2H1 we state a recent version of the 
coupling lemma (lemma l20.1|) which was introduced by the author in 03]. The hypothesis of the 
coupling lemma essentially requires that r(|m|) decays faster than (^(Iml))^ 1 . This implies that for 
a site n which is o;-moderate at scale j the product of Mj (the bound on ||T(o;)|^ .( n )||) with the 
interaction term \R(m, n)\ = \r(m — n)| is small for any lattice site m in A \ Bj^. (n). Observe that 
lemma 120. II also requires that the neighborhoods B^^n) are contained in the set A. We address 
this issue in remark T3.35I below. 

Of course, the question remains how to establish that a lattice point is w-moderate at some 
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scale. Here we again use the special structure of the matrix T(uS) which implies 

T(u>)(m + k,n + k) = 5 m ,n{< 0J,k >) + T(uj)(m, n). (3.16) 
This motivates the introduction of a new parameter. For 9 £ R define 

T(9, to)(m, n) := {9+ < uj,m >)<5 m>n + r(m — n), m,n G Z u . 

Then 

T(0,w) = T(uj), (3.17) 
T(9,u)(m + k,n + k) = T{9+ < u,k >,uj)(m,n). (3.18) 

Relation (|3.18|) implies that at each scale j it suffices to investigate the invertibility of T(9,uj)\b n (q) 
for all 9 E R, since 

T (^)| J B JVj (n) = T (< w > n >^)liJjv j (0)- (3-19) 

Denote Tj := Bjy^O). Our goal to determine whether a site n is w-moderate can be expressed in 
the following way. Construct a nested sequence of sets 

R D D /i 2) D • . . , 

such that 

\\T(9,uj)\^\\<M 1 if0€R\/W, (3.20) 

lir^a;)^ 1 !! < Mj if e I<j-Q\iy\ j > 2. (3.21) 

By (j3.19|) a site n is w-moderate for some scale 1 < j '• < jo if < n, w >£ R\lt^ . Now the objective 

(?) (?) 
is to construct the sets 7<j and to control the location and measure of these sets. The sets 7<j will 

be constructed inductively (in j). The following separation property is essential. 

If 9+ <uj,m >£ 1$ and 6*+ < u, n >£ I$\ then either m = n or \m - n\ > 2N j+ i. (3.22) 

(?) 

Next we present an outline of the construction of the sets ij . Let us assume that the smallest 
length scale N\ = 1. Then Ti = {0} and the question of invertibility of the lxl matrix T(9,ui)\r 1 
reduces to the question whether 9 + r(0) can be inverted. Recall that we have assumed that r 
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is small. We denote e := ||r|| > |r(0)| for some suitable norm || • ||. For \0\ > 2e, say, we have 
\T(0,u)\^\ < 1/e =: M Q . We can therefore satisfy (frT20l) by setting 

/« := (-26,26) 

Observe that the separation property (|3,22|) for 1^ is equivalent to showing that for k G If 
satisfying < \k\ < 2N 2 the following diophantine condition holds 

I < oj,k > I > 4e. (3.23) 

Such a condition is satisfied for most values of u, if e is sufficiently small (depending on A^)- 

Suppose now that the sets 1$ have been defined for 1 < I < j satisfying (|3.2Uf) - ()3.22j) . In 

(j) 

order to construct ij we need to determine those values 9 G 1$ for which we can establish 
HT^jO;)!^ 1 || < Mj + i. Fix 6 G I$\ Since 9 = 9+ < u, >G lir we conclude from the separation 
property Q3.22JI that 9+ < u, n >G R \ Ij' for all lattice sites n satisfying < |n| < 2Nj + %. This 
implies in particular, that for each n G A := r j+ i \ {0} there exists some scale 1 < Z < j such that 
||T(0, (j)|^ n ^ || < Mi. As we have described above, the coupling lemma (see lemma l2fl.l( cf. remark 
I3.35|) then shows that T(lo)\\ is invertible and HT^u;)!^ 1 1| < Mj. Consider the block decomposition 

( T U p i \ 

T\r j+1 = ■ (3.24) 

\ P 2 9 + r(0) J 

Define 

6(0, a;) := 6 + r(0) - P 2 (T\ A y 1 (9,u)P 1 . (3.25) 
Suppose that b(9,u) 7^ 0. Then we can invert T|r J+1 , 

, , rix 1 + (ri^W^JMTix 1 ) -(Tl^Pib- 1 



Tj+1 ^ -b-ip 2 (T\7 x ) 6- 1 



Thus we define 

J0-+D := G /0) : \ b ( 0iUJ )\ < 5j+l}> W ith S j+1 ~ Mr\. (3.26) 



Since the off-diagonal parts Pi, P2 are assumed to be small with entries decaying rapidly with the 
distance from the diagonal we expect that b(9,u) ~ 9. This would imply that the set 1$ has 
length of order <5j+i ~ $(Nj+%) which tends to zero as j — > 00. We still need to investigate the 
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separation condition 1)3.22(1 for the set 2j . Assuming again that b(6,uj) ~ 6 condition (|3.22j) 
essentially leads to a diophantine condition 

| <uj,k> | >6 j+1 (3.27) 

for all fc£Z" with < \k\ < 2Nj + 2- This condition can be satisfied for most values of u if 6j+x is 
sufficiently small (depending on JVj- +2 )- 

Suppose one can choose the parameters Nj, <£, 5j of the construction such that the above 
described procedure works. Then for most parameter values uj (which satisfy some diophantine 
type conditions to ensure that separation properties (|3.22|) are satisfied) we have obtained a nested 
sequence of open sets 1^ (of length — ► as j — ► oo) such that for each n£F with < uj, n >G 
the site n is w-moderate at some scale 1 < I < j. In view of the coupling lemma we can therefore 
prove bounds HT^u;))^ 1 1| < Mj for subsets A C 1? , if we can show that < uj,n >G R \ 1$' for all 
n G A. Since the inductive construction of the sets /<■, was rather explicit (involving the function 
b) the multi-scale analysis as described above yields a powerful tool to investigate for a given sub- 
lattice AcZ" the set of parameters uj for which the inverse of T(u;)|a is bounded by <&(#A). Recall 
that this is the kind of control required for the modified Newton scheme (|3.14[l to solve the P - 
equation (|3.8|) . 

We briefly turn to the solution of the bifurcation equation (Q - equation). This equation is 
degenerate. However, we transform the equation in such a way that it can be solved by a standard 
implicit function theorem, determining the frequency vector uj as a function of the parameter a. 
What is more delicate to prove is the fact that the set {(a,uj(a)) : a small } is contained in j\f°° 
for most values of a. To do this we must find a good description of the set of resonant parameters 
A G j\f^ \j\f°°, for which either the separation property (cf. ()3.22j0 is violated or the inverse of 
Tj(X) cannot be bounded by ^(^Aj). Following Bourgain 0] we construct sets of polynomials with 
coefficients depending on A which can be used to characterize the set of resonant parameters (see 
the second part of remark r3.3Ul for a motivation of these polynomials). To obtain an lower estimate 
on the set of parameters a for which (a, to(a)) G N°° we employ assumption which ensures that 
to second order to depends in a non-degenerate way on a. 

Remark 3.28 Symmetries of the equation. For given F, b, 7 we say that the pair {x^) defines a 
travelling wave solution {\ ■ — > R, uj G M u ) if 

7 2 < <?, (D 2 X )(Og >= F(-b + x{£ -uj)- - + X(0 ~ x(£ + ")) for all £ G V. (3.29) 
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Observe that (13.291) implies that the system (x n ) defined through (|2.2[) solves ()2.1|) . Furthermore, 
it will become clear in section El that equation (j3.1j) is equivalent to (j3.29j) . 
Suppose now that (x, u>) defines a travelling wave solution. Then 

(51) Additive constants 

(Xx,w) defines a travelling wave solution for x G R where Xx{€) = x(0 + x - 

(52) Phase shifts 

(xo^O defines a travelling wave solution for ( G T" where Xc(£) = x(£ + 0- 

(53) Odd reflection 

(x,w) defines a travelling wave solution where x(£) = — x(— 0- 

These symmetries allow us to restrict our attention to the reduced space presented in ()3.3|) . The 
restriction u(0) = is stated in proposition 15.221 and is related to (SI). Due to symmetry (S3) 
we may search for solutions (x, u>) with x(0 = — x(~ £)■ For the corresponding sequence it this 
implies that u(m) G R for all m G Z 1 '. Since we are only interested in real-valued functions x (i- e - 
u(m) = u{—m)) we obtain u{m) = u{—m) G R. 

Suppose that we have constructed a solution (x, cj) where x is an °dd function. Denote 
aj = u(ej) G R. For £ G T 1 ' define xc as i n (S2) and denote by the corresponding sequence. 
Then ti^ again solves (|3.1|) by (S2) and u^(ej) = aje 1 ^ . We therefore obtain solutions with respect 
to complex parameters Zj = u{e.j) (as claimed in theorem I2.19j) through a phase shift from the 
corresponding odd solutions. 

Warning: In our analysis we will also consider complex parameters A = (a, uj) because this simplifies 
some of the estimates, e.g. by using the Cauchy integral formula. However, for values of a (and 
to) with non-vanishing imaginary parts these solutions do not correspond to physical solutions. In 
particular they do not correspond to some solution defined above. 

Remark 3.30 The matrices Tj(X) which appear in the modified Newton scheme (|3.14jl are of the 
form 

Tj(\)(m,n) = V(uj)(m)5 mtn + rj(\)(m - n) 

where V{u) was defined in (|2.16jl . Regarding the multi-scale analysis described above for operators 
(|3. 15|) a number of modifications are needed. In this remark we describe three of the more significant 
modifications. 
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Firstly, the diagonal entries have a more complicated behavior with respect to translations 
(cf. (j3.16jl ). In fact, we may only consider translations with respect to vectors k which satisfy 
< k,g >= 0. Define 



V(0,u)(m) 



F'(-b) if < g,m > = 0, 

F'(-b) <g,™>V pise 

* { °' 4 sin 2 "+<^> elSe ' 



(3.31) 



Tj(8,X)(m,n) := V(8,oj)(m)5m,n + rj(X)(m - n). 



Then 



2X0, A) = 2}(A), 
Tj[8,X)(m + k,n + k) = Tj(8+ < uj,k >, A)(m,n) if <k,g>=0, 

replacing relations (|3.17|) . (|3.18fl of the simplified model. In principle, the restriction < k,g >= 
on the directions k of translation could create great difficulties. However, in our case all singular 
sites are located within the strip {m £ 1/ : \ < m,g > \ < v} and the restricted directions are 
sufficient to translate between different singular sites. 

Secondly, singular sites appear in clusters of up to 2v lattice points. Such clusters always appear 
in the construction of quasi-periodic solutions and we may essentially think of them as translates of 
the set S defined in (|3.4|) . This effects the inductive construction of the sets in the following 

way. The decomposition of the set r^+i = A U {0} in (|3.24|) has to be replaced by = A U S, 
where S is some subset of S. Bourgain ,4 introduced a powerful and general technique to deal with 
such a situation: Instead of the scalar function b (see 1)3. 25J) ) he defines a matrix- valued function 

b(8, X) = (T j \ s )(8,X)-P 2 (T j \ A )-\8,X)P 1 , 

and the definition of the set (now 1^ , since Tj depends on A) is replaced by 

7^' +1 ) := {8eI^:\detb(8,X)\<S j+1 }. 

The function detb(8, A) is more complicated to analyze than the function b(8,u>) defined for our 
simplified version in (|3.25|) . Recall that in the discussion following (|3.26f) we have argued that 
b(8,Lo) ~ 9 in order to obtain information on the sets ijp and to prove the separation property 
()3.22j) . Bourgain proposes to apply the Weierstrass preparation theorem to locally replace the 
function det b(8, A) by polynomials. In our situation we will construct a finite set of pairs (p, #) 
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where each p(z, A) is a polynomial in z of degree < 2v with leading coefficient 1 (the other coefficients 
are small and depend on A), such that for 6 close to i? we can estimate 

|det6(0,A)| > c|p(0-0,A)l 

for some positive constant c. This implies, for example, that a lattice site n is A-moderate, at some 
scale < j + 1, if 



\p(< uj,n> A)| > 



for some suitable pair (p, . Using estimates on the coefficients of the polynomials one can analyze 
the set of parameters A for which such a condition holds. 

The power of Bourgain's idea is best demonstrated by investigating the separation property 
(|3.22[) . In fact, suppose that there exist lattice sites m ^ n and 9 6 R, such that 6+ < uj,n >£ ^jf 
and 0+ < uj,m >£ . By definition there exist pairs (pi,i?i), (p2,$2) such that 

|pi(0+<w,m>-0i,A)| < 

c 

|p 2 (0+<a;,n> -i? 2 ,A)| < ~m 

c 

A resultant type construction (see e.g. section I23j) then implies that there exists a polynomial 
P = Pi Q P2 of degree < 4i^ 2 such that 

\p(< ( j,m-n>-(0 1 -0 2 ),\)\=O(6 j+1 ). 

Observe that the dependence on 9 has dropped out. We can replace the diophantine condition 
(|.3.27[) which ensured the separation property in the simplified model above by a condition 

\p{< u,m-n> -(#i -i? 2 ),A)| > C5 j+ i 

for some positive constant C. With the help of suitable estimates on the coefficients of p one may 
show that such a condition is satisfied for most values of the parameter A. 

We turn to the third modification. Observe that the matrices Tj(6,\) depend on the scale j. 
One might expect that one has to perform a multi-scale analysis for each operator Tj separately, 



leading to sequences I\ for I < j. However, we will be able to show that 



\Tj(9, A) - Tj(0, A) | « M~ l for j > I. (3.32) 
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Suppose we have constructed sets I x such that 

\\T 1 (e,X)\-l\\<M 1 ifO£R\l£\ (3.33) 
\\Tl(0, ^)lr, 1 |l — Mi XeelV-Vxi®, l>2 (3.34) 

(cf. Q3.2UJI . (|3.21|) ). Then it follows from ()3.32j) by a standard application of the Neumann series 
that 

\\Tj(9, X)\^\\ < 2Mi for 9 G R \ j > 1 

11^(0, A)!^ 1 !! < 2M l for G 1^ \ if, j > Z > 2. 

This is the reason why it suffices to construct one sequence of nested sets if which covers all 
matrices Tj(9,\) simultaneously. 

Remark 3.35 In our discussion of the multi-scale analysis above we have used the coupling lemma 
in order to construct inductively the sets I<$ . The coupling lemma l2U, II allows to paste together 
local inverse matrices n E A to an inverse matrix of T\\. However, one requirement of 

this procedure is that the local neighborhoods Bj^An) are contained in the set A. Clearly, this 
condition is violated for lattice sites n which lie close to the boundary of the set A. We address this 
problem in the following way. At scale j we not only consider the invertibility of Tj\Tj(9, A) (recall 
Tj = B^(0)) but also the invertibility of Tj\c(9, A) for C E C^' where denotes a certain class 
of subsets of Tj. Correspondingly, we need to construct sets Iq ^ for all sets C E 

Remark 3.36 Observe that the function V(0,uj)(m) defined in (j3.31j) is 2ir - periodic in the 
variable 0. Hence we can restrict ourselves to define the sets Iq\ as subsets of (— tt,tv]. The 
periodic extension of this set to the real line will be denoted by 

~ I c\--= I C,X + ^- (3-37) 
In this context the following map will be useful. 

[•] : C -► {w E C : -7T < Re(w) < tt}, (3.38) 
where [z] is uniquely defined by the condition z — [z] E 2nZ. 
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Remark 3.39 In this remark we discuss the effects of the singularity in the definitions of Tj(X) 
and Tj(6, A). For any subset C of Tf we define the sets 

Z c := {A G C 2u :< uj,m >G 2vrZ for some m G C with < m,g 0}, (3.40) 
Z c ■= {(6, A) G C 2u+1 : (9+ < u, m >G 2irZ for some m G C with <m,g>^ 0}. (3.41) 

Observe that the restricted matrices T^|c(A) are well defined if A ^ Zq and the matrices Tj\c(9, A) 
are well defined if (6, A) ^ Zq- These sets of singularities, however, create no difficulties in our 
analysis. Recall that the Newton scheme only uses the inverse of the matrices Tj\c- We will 
show that the inverse matrices (Tj|c) -1 (A), (Tj\c)^ 1 (9, A) can be continued analytically across Zc, 
respectively across Zq- 

We conclude this section by describing the plan of the paper. 

The proof of theorem 12.191 contains many parameters, like the size of the length scales Nj, the 

(i) 

bounds Mj on the inverse matrices, the choice of 8j in the definition of the sets Iq x and many 
more. In section 0] we show that we can choose all these parameters of the construction in such 
a way that the above described multi-scale analysis works (see lemma H.54J1 . In section we also 
collect and explain all the notation used in chapters II and III. For the convenience of the reader 
we also include a table of notation at the end of the appendix ( section |25|) . 

In section we derive the equations for the frequency vector u> and for the modified Fourier 
coefficients u(m). Our analysis is greatly facilitated by using appropriate norms for the sequences of 
Fourier coefficients (cf. [44] ) . We choose weighted £i-norms. The weights are either of exponential 
growth or lie in the Gevrey class. Similar weights have already been used in the context of small 
divisor problems by DeLatte [22], Craig and Wayne ^0] and Bourgain 4 j. In the first part of 
section we introduce the weight functions and norms used in this paper and we prove their basic 
properties. 

In sections - El we deal with the small divisor problem and solve the P - equation (see (|3.8|) 
and theorem 112.4(1 . As explained above we proceed inductively. At every step j of the induction 
we construct the approximate solutions Vj, the set of good (i.e. non-resonant parameters 
and the sets \ of the multi-scale analysis. The induction statements (TS)j, which take a slightly 
different form for j = 1 and j > 2, are stated in sections and [7| Essentially they contain the 
following claims. 
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Induction Statement (TS)j 

(1) Regularity properties of Vj(X). 

Estimates on Vj(X), d^Vj(X) and on V(vj(X), X). 
Symmetries and support of Vj(X). 

(2) Description of the set of "good" parameters at scale j as a disjoint union of cubes. 

Description of the set of parameters Af^^ 1 ^ \ J\f^ which is removed at the j-th step in 
terms of a finite set of polynomials (cf. remark I3.3UI above) . Estimates on the number 
of polynomials and on the coefficients of the polynomials. 

(3) (a) Location of the set Iq\ (cf remarks 13.351 and 13.441) . 

(b) Diophantine estimates for lattice sites m with 2Nj-\ < \m\ < 2Nj and frequencies ui 
satisfying (a, uj) G . 

(c) For all A G the lattice sites m satisfying 2Nj—\ < \m\ < 2Nj are A-moderate at 
some scale 1 < I < j with respect to Tj(X). 

(d) For all A G J\f^ the separation property (cf. H3.22|) ) holds for the sets 

(4) The analog of statements (|3.33jl . respectively ()3.34|) hold for the matrices 
T®(e,X) = diag(V(9,oj)) + (DW)(<p{a) +v j (X)). 

Remark 3.42 When we actually perform the induction in chapter II, there are a few differences 
from the just described induction statements which might be somewhat confusing (e.g. at step j 
we will consider length scales Nj-i rather than length scales Nj). It should be emphasized that 
the discussion of section El is formal and although it is very close to the actual analysis of chapters 
II and III, the accurate definitions and statements are found in those chapters. 

Remark 3.43 The induction statements of sections El and are slightly stronger than just de- 
scribed. They are required to hold also for parameters which lie in small complex neighborhoods 
of the sets and 

Remark 3.44 We find it convenient to use cube decompositions to control the geometry of the 
sets AAA The cubes are numbered by some k G We choose the sets Iq\ in such a way that 

they agree for all values of A belonging to the same sub-cube. Hence we can index these sets by 
with k G K®. 
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The induction statement simplifies in the case j = 1 since we choose vi(X) = and AA 1 ) to be 
some cubic neighborhood of \(°\ Statements (3) and (4) follow essentially from the diophantine 
assumption A3. Observe that statement (4) is formulated in terms of a lower bound on the diagonal 
entries of The details of the proof of (IS)j=\ are presented in section H3 

The proof of the induction step j — ► j + 1 stretches over sections 151 -ITT1 First we construct the 
new iterate fj+i- Recall that we denote the scales corresponding to the multi-scale analysis by Nj. 
These scales grow super-exponentially in j and hence they increase too fast for a Newton scheme. 
For this reason we need to perform many Newton iterations to obtain t>j + i(A) from Vj(X). For 
each iteration the bounds on the inverse matrices follow via the coupling lemma from the induction 
hypothesis (3c) and from estimates \\T^ — T^'\\ « ||(TO) _1 ||, j > I, which follow from the fast 
convergence of the sequence Vj (see induction statement (4) above for a definition of T^). 

For the construction of Vj + \ we distinguish the cases j = 1 (section |HJ and j > 2 (section |3J) . 
The reason for this distinction is that we have chosen the parameters of the construction in such a 
way that in the step 1 — > 2 we do not encounter small divisors. This enables us to use norms with 
exponentially growing weights (rather than the slower growing Gevrey type weights which we use 
in the context of the multi-scale analysis) leading to better estimates on V2 which are much needed 
in chapter III. In section EH we construct the polynomials which are used to define the sets 
and A/v'+l) (cf. the second part of remark f3.3flj) . We complete the proof of the induction step in 
section 1111 In section El the solution of the P - equation and certain properties of the solution 
are stated in theorem 112.41 which follows immediately from the induction statements. This ends 
chapter II. 

In chapter III we solve the bifurcation equation (Q - equation) by determining w as a function 
of a (section I13|) . Section El is devoted to deriving the estimates on the derivatives of the function 
u = uj{a) which are necessary to prove lower bounds on the measure of the set {a : (a, u)(a)) £ M°°}. 
In section El we are finally ready to prove our main result, theorem 12.191 

We have collected those lemmata in the appendix which can be formulated somewhat indepen- 
dently from the constructions of chapters II and III. Some of these tools might be interesting by 
themselves. 

In section^Jwe study the genericity of assumptions Al - A4 of our main result. We find a fairly 
explicit description of the exceptional set of force laws F for which we cannot verify assumptions 
Al - A4 (see lemma H 6 . 3 1 1 and theorem I16.32|) . Section El contains the essential part of the proof 
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of property (|5.18l) for the weight functions we consider in this paper. Property (|5.18|) together with 
the definition of the corresponding norms on sequence and matrix spaces facilitate a number of 
estimates needed in the multi-scale analysis. In sections ^] and we prove basic facts about the 
nonlinear, respectively linear part of our lattice equation. In section [201 we formulate and prove a 
version of the coupling lemma which has been introduced in |44j . 

We mentioned in remark I3.3UI above that we have to estimate the coefficients of polynomials 
which are obtained by an application of the Weierstrass preparation theorem. Hence one needs to 
carefully investigate the construction of these polynomials in the proof of the Weierstrass prepa- 
ration theorem. Such an analysis was provided by Bourgain [H] in the even more complicated 
situation that the degree of the polynomials may be arbitrarily large. For completeness sake we 
present Bourgain's nice proof in section 1211 

The estimates on the sets N^~^ \ of resonant parameters are all based on an elementary 
lemma for real valued functions defined on an interval. The lemma concerns functions with the 
property that there exists a k £ N such that the fe-th derivative of this function is continuous and 
uniformly bounded away from 0. For such functions g one can derive good upper bounds on the 
sets {x : \g(x)\ < 5}. This is made precise and proved in section [2"2l 

In section ESI we perform a resultant type construction. For given polynomials p, q £ C[js] it 
provides three polynomials pQ q £ C[z] and Ri, R 2 £ C[x, y] such that 

(p q)(x -y)= p(x)R 1 (x, y) + q(y)R 2 (x, y). 

As mentioned in remark l3.3()l above it was the idea of Bourgain to use such an algebraic construction 
to prove the separation property (|3.22j) . In our analysis we not only use the existence of such a 
representation but we also need estimates on the coefficients of p q, R\ and R 2 - Therefore we 
investigate how the coefficients of these polynomials can be obtained from the coefficients of p and 

q- 

Throughout our analysis we need to estimate higher order derivatives of composed functions or 
of functions which are defined implicitly. In many cases we cannot use the Cauchy integral formula 
to obtain such bounds. In such situations we employ somewhat explicit formulae for the higher 
order chain rule which are adapted to the desired estimates. We have collected these different 
versions of the chain rule in section 1241 
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Chapter II 
The Small Divisor Problem 



The goal of chapter II is to solve the P - equation (see theorem 1 12. 4 jl . Throughout chapter II 
and chapter III we assume that the hypothesis of theorem 12,191 holds . i.e. F : R — * R, b 6 R and 
7 £ R + , < k < 1 are given and assumptions Al - A4 are satisfied. 

4 Notation and definitions 

In this section we explain the notation and definitions used in chapters II and III to prove theorem 
12.191 For quick reference we have also included a table of notation in section at the end of this 
paper. There is a reason why we introduce all the notation before we begin the proof. As we will 
see there are many parameters in the construction which must satisfy a large number of conditions. 
If we would introduce these parameters only when they first appear in the proof it would be a 
difficult task to verify that no circular or contradictory definitions have been made. This issue is 
resolved in the following way. We present the definitions in such an order that by starting from 
the quantities given in theorem 12.191 and in assumptions Al - A4 one may verify one by one that 
the definitions make sense. However, from part H) on the definitions will depend on a parameter 
no 6 N. We show at the end of the present section (lemma I4.54JI that no can be chosen in such a 
way that all conditions on the parameters which appear in the proof of theorem 12. 191 are satisfied. 
To facilitate the proof of lemma 14.541 we collect at the beginning of each of the sections IH1 - 1151 the 
conditions which are used in that particular section. 
A) General Notation 

For any d 6 R we denote by | • | the maximum norm on R rf and C d . Sometimes we also use 
l\ - or £2 ~ norms on these spaces which are denoted by | • |i, respectively \ ■ {2- In our notation we 
distinguish real and complex neighborhoods. For sets X C R rf , Z C C d and positive numbers p we 
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define 

B p (X) := B(X,p) :={y£R d : \y - x\ <p for some x£X}, (4.1) 
U P {Z) := U(Z,p) := {w £ C d : \w - z\ < p for some z G Z}. (4.2) 

In case the sets X = {x}, Z = {z} contain only a single point we usually replace in (|4.1|) . ()4.2|l 
the sets X, Z by the elements x, z. Note that in this case B p {x) defines a cube and U p (z) defines 
a polydisc since we use the maximum norm for the definition of the neighborhoods. By a slight 
abuse of notation we sometimes restrict the neighborhoods to the lattice Z rf , i.e. B^{n) = {m E 
7L d : \m — n\ < N} for lattice sites n € 7L d and N > 0. 
For a, b S C d we define 

d 

< a,b >:= ^2 a ibi- (4-3) 

i=l 

Note that there are no complex conjugates in this definition. 

The function [•] was defined in ()3.38|) . We also use the floor function 

[•J : R -> Z ; L^J = max{n G Z : n < x}. (4.4) 

B) Notation related to the statement of theorem 12.191 

We are given the function F and the numbers b, 7, n through the hypothesis of theorem 12.191 
The following quantities are defined due to assumptions Al - A4: the number of phases v ()2.11|) . the 
frequency vector of the linearized system a/ ) (|2.12jl . (|2.13|) . the vector g (|2,ll)j) . positive constants 
s and r related to assumption A3 (|2.14jl . and the matrix £1 (|2.15|) - l|2.18|l . 

C) Notation related to the weight functions 

In section Owe define families of weight functions on Tf and corresponding weighted norms for 
sequence and matrix spaces. We define the following parameters 

c := 0.01 (4.5) 
D N := max(A,, C5 D Ujl ) > 1, (4.6) 

where D U)C and D V) \ are defined in (|17.1I) and shown to be finite in proposition 117.21 Weight 
functions w a>c , w^x are defined for a > 1/4 in l5.151 The corresponding sequence spaces (X a>c , \\-\\ a ,c), 
(A CTj i, || • || CTj i) and matrix spaces 

(■^CT,C) || ' ||<T,e)) {/-'O. 

1, II • H^i) are defined in 15.211 (see also (|5.2|) . 
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With each application of the coupling lemma I2U.1I we loose some of the decay properties of the 
matrices. Therefore we use a scale of spaces C ajfi with 

<T j: =h\ + l) forj>l. (4.7) 
^ J 

D) Notation related to the nonlinear part of the equation 

The function F is assumed to be real analytic in a neighborhood of —b. We denote by rp& the 
radius of convergence of the corresponding power series at —b and set 

r Fib := min(l, f F>h ), (4.8) 

oo 

F(y) = ^ a k(.V + b) k for \y + b\ < r F , b (4.9) 
fc=0 

which defines the sequence (afc)fc>o ( a k = F^ k \—b)/{k\)). The nonlinear part of the Fourier 
equation is given by 

oo 
k=2 

where u* k denotes the fc-th convolution power of the sequence u (see notation 15. 9|) . The definition 
of W(u) is purely formal at this point. In lemma H8. II the definition is made rigorous for sequences 
u in X a>c , resp. X a ^. Furthermore, the constant D\v is defined through lemma H8.ll 

E) Notation related to the Lyapunov — Schmidt decomposition 

In order to describe the Lyapunov - Schmidt reduction we defined the diagonal operators D{uj) 
(|.3.2j) . the set S Q3.4JI . the projections Q l|3.5j) and P ([3.6)1 . the parameterization <p(a) 1)3.9(1 . the 
parameter \(°> ()3.11(l and the functions V, Q 1)3.13(1 . 1)3.12)) which describe the P - equation, 
respectively Q - equation of the Lyapunov - Schmidt reduction. 

Recall that we first solve the P - equation for v. The parameters of this equation (a,u) are 
denoted by A (see (jSTTUJ)). 

F) Notation related to the linearized equations 

For j G N we denote by Vj(X) the j'-th approximation of the solution v(X) of the P - equation. 
As explained in section we need to investigate the invertibility of the following matrices 

r^(A)(m,n) = V(u;)(m)5 m , n + DW(ip(a) + v 3 (\))(m,n), (4.10) 
T^(9,X)(m,n) = V(e,u)(m)8 m>n + DW(<p(a) +ty(A))(m,n), (4.11) 
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where V(u), V(6,u) were defined in (l2~TnT) . (HOT]) . For / G N set 

^:C^CU{oo}; ^(tf) :=ai -_^_ (4.12) 

4 sin 2 | 

Observe that V(9,co)(m) = V\ <m ^ g> \{6+ < uj,m >). In our analysis we use a few estimates on the 
functions Vi, mainly in a neighborhood of their zeros. It is easy to see from assumption A2 that 
V\ has zeros only for 1 < I < v. In this case the set of zeros of V\ is given by {±u;^} + 27rZ. 
The properties of the functions Vi, 1 < I < v, which are needed in the proof of theorem 12.191 are 
collected in proposition 119. ll In this proposition one also finds the definition of the constants dv, 
5y and Dy. 

The quantities V(uj)(m), V(9,uj)(m) are not well defined if < uj,m >G 27rZ, respectively 9+ < 
u,m >G 2vrZ. Hence for C C Z u the restricted matrices T^\\), (0, A) are not well defined for 
A G Zq, respectively (9, A) G Zc*. The sets Zc, were defined in ()3.4U|) . ()3.41j) . 
G) Special constants and functions 

In the course of proving theorem 12.191 a number of constants and functions are used. We list 
them here. Of particular interest are definitions (|4.13f) - (|4.17|) as they are closely related to the 
choice of parameters in the multi-scale analysis (see (j4.44|) - (14.481) ). 



A 


:= 25600i/ 8 (2[rJ + 5) 


(4.13) 


-4-i 


:= 4z/ 


(4.14) 


E P 


:= 32i/ 3 (LrJ+3) 


(4.15) 


E S 


:= 32i/ 3 ([rJ+l) 


(4.16) 


Em 


:= 32i/ 3 (2[rJ +5) 


(4.17) 


<1 


:= 1 + A(Em + E p ) 


(4.18) 


Bo 


:= 22v 3 


(4.19) 


Bi 


:= %v 2 


(4.20) 


B 2 


:= 18v 3 


(4.21) 




oo 




D T 




(4.22) 




fc=i 






oo 






:= ^S^^e" 1 - 5 * for^>l 


(4.23) 




k=i 
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d>r,c 



1.1 



1,2 



D 
D 

Di, 3 

D 1A 
Di, 5 
Di 
D 2 
D 3 

£>4,1 

Dp 



e2 

min 

x>i 2x r 

min If2£| 

€eM",|€| 2 =i 1 

l<J,i<" 

'.Bo+1 



So+l 



2-8^(B !) 

(8Z? Jv max(Z) li i,Z) li2 )) Bo+1 ^ J] (max(l + y) 9 ( 2Bo+1 )e-^ 

2 B °D V + 4 B °D V D 13 max 

(2i/)!2 2iy (2i/) Bo 

(2^)!(2L> M ) 2l/ (2^) B ° 

(2i/ + B^ (75D 1 {B^2 Bl ) 2Bl " 1 



(Bi + 1)!37 'e & u 2 D w D 1 N D T D E {B l + 1) 



D W D^ +1 



Bi+l 



1 



Bi+l 



P =i 



^4,l(^ + Bl) Bl 



1;/ 



:= (4i/ 2 )!2 4y (4i/) Sl J D : 



i/ 2 Z) P + 10^ 2 4^ +1 ) 2 [(2z. + l) 2 !] 



(4.24) 
(4.25) 
(4.26) 

(4.27) 
(4.28) 

(4.29) 

(4.30) 
(4.31) 
(4.32) 
(4.33) 
(4.34) 

(4.35) 

(4.36) 
(4.37) 
(4.38) 
(4.39) 



Definition of the mollifier tp. We choose a function ip : M. 4u — > E with the following four properties. 

(1) i> e C°°(E 4 ^) 

(2) supp(V-) C {x £ R 4u : \x\ < 1}. 

(3) ij){x) > for all x G E 4 ^. 

(4) / R4 „ ^(x)dz = 1. 
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For k e N define 

D f (k) := sup I \dPil){x)\dx. (4.40) 

|/3|i<fc JR^ 

Definition of k. The set Z in the statement of theorem 12, 191 turns out to be of the form 

Z = {(z 1 ,...,z v )eC : (\z 1 \,...,\z u \)eM 00 } 

for some suitable set A4°° C M u . We need to understand how lower bounds on the ^-dimensional 
Lebesgue measure of the set translate to lower bounds on the 2i/-dimensional Lebesgue measure 
of the set Z regarded as a subset of M. 2l/ . For a set M C W denote 

M c := {(a*, . . . , z„) 6 C : (\ Zl \, . . . , \z v \) e M} C C = M 2i/ . 

Recall that k G (0, 1) was given in theorem 12. 191 We define 

k := inf{ vol iy ( J Bi(0) \ M) : M C #i(0) and vol 2iy (M c ) < « vol 2l/ ([/i(0))}. (4.41) 

It is elementary to show the following proposition. 

Proposition 4.42 Given p £ N, < k < 1 and let k be defined as in J^.^Jp . T/ien 
(a) k > 0. 

For any p > and any measurable set M C B p (0) with vof (B p (0) \ M) < kp v it follows that 
vol 2v {M c ) > k vol 2u (U p (0)). 

H) Parameters of the multi-scale analysis depending on no 



iVo := 5 n ° (4.43) 

Nj := Nf (4.44) 

Pj := NJ E " (4.45) 

Pj := NJ ME " (4.46) 

5j := N~ Es (4.47) 

Mj := Nf M (4.48) 
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I) The sets C® and VOL 

We define the following classes of subsets in Z v (cf. remark r3.35j) . 

C« := {CcB u (0):Cn5^}, (4.49) 
C(i) : = {C C B Nj _ x (0) : C n S ^ and C interval }, j > 2, (4.50) 

where we say that a set C C Z" is an interval, if there exist real numbers dj, 6j, 1 < i < v such 
that C = {n G Z 1 ' : ai < ?ii < 6j for all 1 < i < v}. 

Recall the definition of the constant Dp in ()4.38j) . We call a map p : C x U — ► C an admissible 
polynomial, if 7^ C/ C C 2l/ and there exist rf £ N, and analytic functions q : U C, < i < d, 
such that 

P (0,A) = e d + 

0<i<d 

and the following three conditions are satisfied: 

(1) 1 < d < 4u 2 , 

(2) a(X) e R for all A G £/ n M 2i/ , < i < d, 

(3) |^q(A)| < D P M^ Bo+u)mi for all A E [/, < i < d, < < Si. 
We define 

"PCC := {(p, : p is an admissible polynomial and 1? G M}. (4-51) 

J) Cube decompositions and the projections 

Let p, p > with p/p £ N and let x G M 2y . Then there exists a set {j/ t el 2 M<K (/V/o) 2v } 
which is uniquely defined by the following two conditions. 

~Bjx) = \jB~tUk) 

k 

Bp(y k ) n B~ p { yi ) = for I £ k. 

We use such cube decompositions for the sets of parameters which appear in the induction 
statements in sections and |7| 

A^= U B P Mf)= U ^(4 J+ °- 5) ) (4-52) 
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The sets K®, {Xjp : k G K®}, K^ ^, {A£ +0-5) : k G i^+ - 5 )} are defined inductively in I. We 
will define = {1} and Xp = A^ (see ()6,6|) - (j6,8|) below). Each induction step j — ► j + 1 
consists of two parts. First we perform a cube decomposition of each cube B p . (A^ ), G into 
sub-cubes of radius pj, yielding sets i^'+ - 5 ), {A^ +0-5) : k G i^'+ - 5 )} (see also (11321) ). Observe 
that pj/pj G N, since A, A\, E p: Nj are integers (see (|4,13j) — (|4.15|) . ()4.43|) — (|4.46|) . no G N by 
lemma ll.54() and the cube decomposition is well defined. Then one performs a cube decomposition 
on each cube Bp. (Aj? +0 ' 5 ^), k G K^ +0 - 5 ^ into sub-cubes of radius pj + i (p~j/pj+i G N since A/A\ G N) 
obtaining sets K^ +1 \ {X { ^ +1) : k G K^ +l ^}. The set is defined as a subset of by 

removing those cubes which contain resonant parameters. We define the following projection map 
between sets K^. Let I, j G |(N + 1) with / < j. 

Trp') . #00 x -(0 j ^\k) is defined by the condition \f G £ P! ( A( p )(fc) ) • ( 4 - 53 ) 

In the case that I is not an integer we understand pi = pi-o.s- 
We conclude this section by determining the parameter no- 

Lemma 4.54 Suppose that F:R->M, 6sR, 7G M+ and < k < 1 are given and satisfy 
assumptions Al - A4- There exists an integer uq G N such that conditions \6. 1}) - \6-4\) , - 
firm . fHHp , HO) - HO) . 17Q) - I7I3I) are satisfied; conditions HTTE) - WHW . fTTTl) - 
jll. 7j) , \14-1[ ) ~ jl4-15[ ) are satisfied for j > 1 and conditions \9.1)) - \9.11\j are satisfied for j > 2. 

For the remaining part of chapter II and for chapter III we will let no be a fixed integer satisfying 
the conditions stated in lemma l4,541 This completes the definitions given in parts H) and I) of this 
section. 

Proof. One proves lemma 14.541 bv showing that each condition is satisfied for sufficiently large 
values of no- Of course, in case the condition depends on the induction step j G N we must ensure 
that the lower bound on no is uniform in j. For the proof it is important to observe that the only 
quantities appearing in the conditions which depend on no are Nj, pj, pj, Sj and Mj (j > 0). We 
choose a few examples to demonstrate the method of proof. 

• (|8.7|) : It follows from assumption A2 and from the definition of v in (|2.11j) that 

V ' ' - a x > 0. (4.55) 

The only quantity in (|8.7|) which depends on no is iVo. Since E p > 1 (|4.15|) and r > (assumption 
A3) (|4.55l) implies that (|8.7[) holds for sufficiently large no- 
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• (|8.8|) : The only quantities, depending on n are Nq and po = N Q Ep ■ Since E p > t + 1 (see 
l|4.15|) ) it is clear that Nq +1 pq — > as no — > oo, proving (|8.8|) 

• (POO]) : Using l|4~4l|l . (jOS)) it suffices to show that for all j > 1 



1 

4(i + lJ(i + 2)' 



log^Djv) + i£ M log(^) < AlA ■ ■ ^ Nf. (4.56) 



We obtain the condition on no by investigating (|4.56|) inductively. For j = 1 we need 

log(4Av) +n A 2 E M lo g 5 < ^5 Acn ° 

which is clearly satisfied for sufficiently large uq. For the induction step j — ► j + 1, j > 1, we 
estimate the ratios 

Q< log(4D j v) + ^ M log(iV, + i) < A 
~ logiAD^ + AEulogiNj) ~ ' 

4(3 + l)(j + 2)^ +1 1 (il _ 1)c l^_ 1)cno 

4(j + 2)(j+3)iV J c - 2 J " 2 

For no sufficiently large we have 

~ 2 

completing the proof of (|4.56j) 

• (jl(J.35j) : We may replace ()10.35f) by the following three conditions 

(8/p j+1 ) Bo < e^ N J for all j > 1, (4.57) 
B \D w e-^ N i < I (4.58) 

e~^ N Ui < ^e~^ N !> for all j > 1. (4.59) 
Observe that there exists a number N > such that for all N > N 

(8N AE ») B ° < e^ N \ 

If no is chosen large enough such that 5 An ° > N then (|4.57|) is satisfied. Condition (|4.58|) can clearly 
be satisfied by choosing no large and condition (|4.59f) is satisfied if N^N^ X ' — 1) > 32 log 2 which 
again is achieved by making no large. 

• (110.481) : Recall that kl > (k/e) k . Since v > 2 we have B 2 /4, > Ylv and B 2 > 2u(B 1 + 1) (see 
gZD) , Hence B 2 \ > (l2u) B2 > (12u) 2u( - Bl+1 \ 
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• (|14.15|) : Since Nj = 5 n ° AJ and A > 2 it is clear that Nj > 2 j independent of the choice of 
no G N. We can therefore replace (|14.15|) by 

N -AE s /B 1+ A 1 E p+ (u+2)A + ^+l)+2E 6 < ~ for ^ j > L (4 6Q) 

One verifies from the definitions of A, Ai, Eg, E p and B\ that the exponent in (|4,6U|) is negative. 
Since Nj > N± for all j > 1 one can satisfy (j!4.15f) simultaneously for all values of j by choosing 
no large enough. □ 

Remark 4.61 The conditions which appear in lemma 14.541 not only determine uq but they are 
also the reason behind the choices which were made for c, Bq, Bi, B2, A, A\, E p , Eg, Em- To 
determine these constants on can proceed for example in the following way. First define c satisfying 
(|9.14|) . then choose B Q , Bi and B 2 via ((T4~7|) . (J1U.46}) and (jlU.44j) . We are then left with conditions 
on A, A\, E p , Es and Em- The conditions for these quantities are somewhat involved as one can 
already see from the condition that the exponent in (|4.60|) is negative appearing in the proof of 
(|14.15|) above. The following list shows all conditions which contain at least two quantities of A, 
Ai, E p , Es, Em- 

• Es + KEp-. (E2J), O, mm - Gnu, ifTnrrj). mm. ifRmji. jug, ci3 

. E M >E s + Ep. (tTimi) . (fTTHTl) . (EH, (tTTTO 

• > Ep - 1: (fnnn) 

. ,4£ p > sm(2s + 1): mrn^ 

• 4E a > E M - ®SM 

• 2£ A f(£ + v) + 2i/AE,5 < S p AAi: (tTIHTl) 

• ,4 2 (£ p - Sa) > AE M {B + v): (HTJ1) 

• 2£ M + AE 5 + E s < AE M : (gnU) 

• 16i/ 2 #i£ p + 32u 2 (B + < 4: dH) 

• ^i^ p + {y + 2) A + (4i/ + 1) + 2^ < AEs/Br. fTO^ 

5 Fourier analysis 

In this section we perform a Fourier transform of our original equation. We begin by defining 
weighted sequence spaces (for the Fourier coefficients) and corresponding operator spaces. Similar 
classes of weights have been used in the context of small divisor problems by DeLatte [22|, Craig 
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and Wayne ^U] and Bourgain [31 . The weights and norms we introduce in section 15.11 are well 
suited for a multi-scale analysis and have been presented by the author in |44j . 

5.1 Sequence and matrix spaces 

The Fourier coefficients of the profile functions x('\ z ) form sequences on the lattice 7L V . For our 
analysis it is convenient to consider certain families of weighted l\ spaces. The corresponding 
weights belong to the following class which was already used in |17j . 

W := {w : — > [1, oo) : w(m) < w(n)w(m — n) for all m, n G 7* u } (5.1) 

For weights w G W we define the sequence space 

£ 1}W := iu:Z"->C : ^ w{m)\u(m)\ < oo I . (5.2) 
I meZ» ) 

It is easy to see that the space 1\ >W together with the norm 

IMk™ := w ( m )\ u ( m )\ ( 5 - 3 ) 

meZ" 

is a Banach space which is contained in l\. What will be important in our analysis is that the 
norms defined in 1)5. 3 J) are sub-multiplicative with respect to convolution. For u, v G l\ set 

(u*v)(m) := u(m — n)v{n). (5-4) 

The following proposition is a straightforward consequence of definition ()5.1|) and the well known 
sub-multiplicativity of the i\ - norm under convolution. 

Proposition 5.5 Let w G W and u, v G £\ t w Then u * v G £\ yW and 

\\u*v\\ h>w < \\u\\ ilt J\v\\ ilw . (5.6) 

For we have 



( u(m)e i<m ^> ) • f v(m)e i<m ^> \ = ^ (u * i>)(m)e* <m ' 5> 



(5.7) 



and 

(ue^''^) * (we**^) = (u * v)e i< -^ > . (5i 
44 



Notation 5.9 For u £ £\ and k £ N we denote by 



u* k := u * u* . . . * u 



the k-th convolution power of u. 

Next we turn to spaces of linear operators on £\^ w . For w £ W we define 

C w := \ R : Z u x Z" -> C : = sup V to(m - n)|i?(m, n)| < oo \ . (5.10) 

I " eZ "^ J 

It is not difficult to see that (C w , \\ ■ \\ w ) is a Banach space. Moreover, one can introduce matrix 

multiplication in C w by setting 

(RS)(m,n) := ^ R(rn,p)S(p,n). (5.11) 

peZ" 

Indeed, for R, S £ C w , w £ W and n 6 we conclude from (j5,l|) 

w(m — n)|(i?5)(m, n)| < io(m — p)|i?(m, p)|w;(p — n)\S(p, n)\ 



Thus the matrix RS lies in C W: satisfying 

\\RS\\ W <\\R\\ W \\S\\ W . (5.12) 

One readily verifies that C w forms an algebra (see, e.g. |48| for a definition) with unity /, I(m, n) = 
5 m ,n- Furthermore, for R £ C w and u £ £i >w we define (Ru)(m) := Yln& v R(m,n)u(n) and obtain 



\ Ru hi, w = ^2 W ( 



R(m, n)u(n) 



< w(m — n)\R(m, n)\w(n)\u(n)\ 



m) 

m 

< \\R\\ w \\u\\i hm . (5.13) 

We summarize 

Proposition 5.14 Let w £ W. Then C w is a Banach algebra with respect to the norm \\ ■ \\ w . The 
space C w is contained in the space B(£i >w ) of bounded linear operators on £\ )W and the corresponding 
operator norm in B{£\, w ) is bounded above by \\ ■ \\w 
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Finally, we introduce two particular families of weight functions in W. 

Definition 5.15 Let v, c and Dn be given by 12.11)) . j4-5\ ) and j4-6\ ). For a > 1/4 and n£Z" 
we set 

w a , c (n) := D N e^°, 

w ail (n) := Avd + Mr+VH. 

The following properties of the just defined weight functions will be used throughout our anal- 
ysis. 

Lemma 5.16 For a > 1/4 and x £ {c, 1} the following holds. 

w a , x e W (5.17) 
1 > V 1 for all neZ u (5.18) 



w a , x (n) 4^ w atX {m)w atX {n - m) 

Wa,x(n) = w a+fljX (n)e~^ n \ for all n e 11* , [i > (5.19) 

IM|cti,zi < ||«||(r2,a;2 f or al1 °"1 - cr 2, #1 < ^2, ^2^2 • (5.20) 

Proof. Properties (|5.18j) . (|5.19j) and (|5.20|) follow immediately from the definition of w ax and 
from the definition of Dn (see (|4.6(l . proposition 117.2]) . It is also clear that w a<x (n) > 1 for all 
n £ W . Finally, the sub-multiplicative property w(n) < w(m)w(n — m) which appears in the 
definition of W is weaker than (|5.18j) and hence (|5.17|) follows. □ 

Property (|5.17|) shows that the sequence and matrix spaces corresponding to the weights w ax 
satisfy propositions 15.51 and 15.141 We introduce the following notation. 

Definition 5.21 

By a slight abuse of notation the corresponding norms of the sequence spaces X a ^ c , X a \ and of the 
matrix spaces C a ,c, £-a,i are both denoted by || • || CTiC; || • || CT x- 



5.2 The equation for the Fourier coefficients 

In this subsection we derive the equation for the Fourier coefficients. 

46 



Proposition 5.22 LetF, b, 7 be given as in theorem \2.19l satisfying assumptions Al - A4- Recall 
the definitions of v, g, c, rp t b, ctk (see section\j\B) - D) ). Suppose that for some so > 0, uj G W , 
and « £ Ii iC the following five conditions hold: 



\u\\i,c < r F ,b, 
u(0) = 0, 



u(—m) = u(m) for all m G Z", 
dist (< uj,m >,2vrZ) > s e"^ |m|C for all m G Z u \ {0}, 



9 9 \ OO 

"1- , . 2 <L,,m> M ( m ) = ~ 2Za k u* k {m) for all m £ 7L V \ {0} . 



4 sin 2 



(5.23) 
(5.24) 
(5.25) 
(5.26) 
(5.27) 



k=2 



Set 



u[m 



u(m) 



-2i sin ■ 



, i/meZ"\{0}, 
, ifm = 0, 



(5.28) 



and define 



x(6 := E «( m ) e!<m,(> M^r, 



x n (i) := nb + \{nuj — ^ftg) /ortGR,n£Z. 



(5.29) 
(5.30) 



TTien /or every n G Z £/te function x n is real valued, smooth and ^--periodic. The chain (x n ) n< =z 
satisfies 



x n (t) = F(xn-i(t) - x n (t)) - F(x n (t) - x n+x {t)) for all n G Z,i G R. 
Proof. From condition H5.26|) we deduce 

> -s e"2 |m| for m G Z \ {0}. 



(5.31) 



sin ■ 



7T 



(5.32) 



Using ((SJ, definitions EH1 EH] and D N > 1 (see (|Q>jl) it follows that 

\u(m)\< - ; ^ \ m \ < " lu ' c e -2l m l for me Z 1 " 

2s wi, c (m) 2s 



(5.33) 



This estimate together with condition 1)5.25(1 implies that x as defined in (|5.29j) is a real valued C°°- 
function on the torus T". The time periodicity of the functions x n is obvious since all components 
of the vector g are integers. 
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It only remains to verify ljIT3T|) . From ([5~3"U|). (|5~2??f). and flSHH) we conclude 

x n _i(t)-x n (t) = -6+ ^ n(m)(e- i<m ^> - l) e *<^-m*> 

= ~ 6 + S ^(^)e~5 <m ' w> e i<m ' wn - 97 * > . 

Using wi tC (m) > 1 for all m £7L V and (|5.23f) we see that the Fourier series of x n _i — + 6 converges 
absolutely with 

\x n -i{t) - x n {t) + b\ < |u(m)| < ||u||i iC < r Fjb . (5.34) 
Thus the following reorderings of summation are justified (see also proposition 15, 5|) . 

oo 

F(x„_i(t) - x„(t)) = ^ a fc (x n -i(t) - s w (t) + b) fc 

fc=o 

OO / \ ^ 

= J^afe I n(m)e-t <m ' w> e i<m ' wn - 97 * > 

fe=0 VmeZ" / 



}<m,uj> i<m,um—gft> 



fc=l \meZ" / 
m6Z" \fc=l / 

Consequently, 

F{x n (t) - x n+1 (t)) = a + f J e i<^>e i< " l ^ n -^ i> . 

mGZ" \fe=l / 

Thus 

F(x„_i(t) - s n (i)) - F(x n (t) - x n+1 (t)) = (5.35) 

/ OO \ 

< 771, U; >^ ^i<m,Lun-gyt> 



m6Z" \fc=l 

On the other hand, a straight forward calculation shows that 



(i) = fi( m ) (- < m,fl > 2 7 2 ) e i<™><^-S7*> ( 5 . 36 ) 



m 



It suffices to verify that the Fourier coefficients in ()5.35|) and (j5.36|) coincide, i.e. to show 

u{m) (- <m,g > 2 7 2 ) = (f^ a k u* k {m)^ (-2i sin < m ^ > ) for all m G Z". (5.37) 

For m = both sides of equation (|5.37f) clearly vanish. For m £ 7L V \ {0} equation (|5.37f) follows 
from (I5~2TI) and (JOHJ). □ 
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6 The first induction step 

The P - equation is solved by an inductive construction. In this section we formulate and prove 
the initial induction statement (TS)j=\. 
Estimates of lemma 14.541 used in section |HJ 

\2D N u2 u+l e 2 Po < r Ftb (6.1) 

50z/piiVi < 5x (6.2) 

— - > 3«5i (6.3) 

(2Ni + 4) T - v ; 

«5i < 25 v (6.4) 



Induction statement (ZS)j=\ concerns the following quantities: v\ : U(B po (X^), 2po) — > -A^i, 
^ G M 2 " and I§\ 



Af<U C R 2u , KW C N, G M 2l/ and C (-7T,7r) for C G CW, ft G 



Statement (Z<S)j=i: 

(1) i=i 

(a) (A) = for all A G C/(B po (A^),2p )- 

(b) The map U{B PQ {\ ( ^), 2p ) -> X 2 ,i, A i-> P(t>i(A), A) is analytic and 

||^(wi(A),A)|| 2 ,i < D w (2 u+2 uD N e 2 ) 2 \a\ 2 for all A G [/(£? Po (A (0) ), 2p ). 

(2) i= i ^) = U eJ rti)B w (Af ) ). 

(3) i=1 

(a) For each C G C (1) and ft G the set satisfies 

4*1 C |J {[M]} + HMl)- 
Me{0,±2^ (0) } 

Moreover, 1^ is a union of #(C n <S) + 1 disjoint open intervals, such that B(Iq k ,25%) is 
again a union of #(C H <S) + 1 disjoint intervals with B(I^ k , 2<5i) C (— 7r, 7r). 

(b) For A = (a,u) G U(J\f^ 1 ', Pi) and m G 7L V satisfying < \m\ < 2Ni we have 

dist (< uj,m >,27rZ) > sd T)C e~5l m l c . 
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(c) Let k G A = (a,u) G U(B pi (A^), Pl ), C G m G IT with < \m\ < 2N X and 
< m,g >= 0. 

Then < u>, m >G C/(M \ iQ., where i§£ = lff k + 2vrZ (cf. remark EPfl) . 

(d) Let G ifW, X = (a,co) G U(B pi (A^), Pl ), 9 G C, Ci,C 2 G C (1) , m,n G Z 1 ' with < 
|n — m| < 2N\ and < m — n, g >= 0. 

Then 0+ < w,m >G 17(1^, f^) implies 9+ < u,n >G C \ C/(/§ )fe , 

(4) j=1 Let k G C G CW, m G 5nC, and (0,A) G \ x U {B Pl {X^ ) , Pl ) . 

Then |V(0,w)(m)| > 

Lemma 6.5 There exist Vl , M {1) , A^ (for k G K^), ig}. f/or C G C (1 \ G j suc/i 

t/mi statement (TS)j=\ is satisfied. 

Proof. (l)j = i : Statement (a) forces the definition v\(X) := for all A G U(B po (X^), 2 Po ). To 
show (b) observe that V(v\ (A), A) = PW(<p(a)). Definitions l5~T51 and E22 together with 

(l6~Tl) imply for A G f7(£ po (A(°)), 2p ) that 

Ma)\\2,l < D N 2v2 u+1 e 2 \a\ < 6D N u2 u+1 e 2 Po < 

At 

Lemma 118,11 then implies analyticity of the function V(v\(-),-) on U(B po (X^), 2 P q). The same 
lemma ll8.il also yields 

||7>MA),A)|| 2il = \\PW(<p(a))\\ 2 ,i < \\W(<p(a))\\ 2tl < D w (2» +2 vD N e 2 ) 2 \a\ 2 . 

(2) i=1 : We set 

AA« := B pi (X ( °y), (6.6) 

:= {1}, (6.7) 

A« := A(°). (6.8) 

The claim is obvious. 

(3) i= i : For C G C^, fc G we define 

jW U U(HH- 0) ]- S 1 ,[-2uP] + S 1 ) U |J ([2wf]-* 1 ,[2u;W]+* 1 ). (6.9) 
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In order to prove statement (a) it suffices to show the following two conditions. 

dist(/xi — // 2 , 2-7rZ) > 6<5i for p,x, p 2 G {0, ±2^^}, pi / p 2 . 
dist(/i, (2vr + 1)Z) > 3Ji for p, G {0, ±2cjf } }. 

Both estimates follow from assumption A3 and from s/(4 T ) > 65± which in turn is a consequence 
of (|d3|) . Statement (b) follows from assumption A3, (|dT2^1 . and Indeed, let 

A G U(M^\ px), < |m| < 2N X , then 

dist (< w,m >,2vrZ) > dist (< w (0) , m >, 2vrZ) - i/(2pi)(2iV*i) 

> _s 6i 

~ \m\ T 10 
s 

> 

~ 2\m\ T 

> sd TjC e-^ m \ c . 

We prove claim (c) by contradiction. Assume that there exist A G U (AA 1 ) , pi), C G and m G Z y 
with < |m| < 2N\, < m,g > = 0, such that 

< W ,m>eC\f/(I\lg,^). 

Again (|6.2j) implies | < uj,m > — < uj^\m > \ < <5i/10 and therefore 

< J°\m >G R \ (R \ ig) = jgi- 

Prom the definition of I^j = i^j + 27rZ and ()6.9|) it follows that there exist / G Z and m! G 5U{0}, 
such that 

| < J 0) ,m > -2irl - 2 < J°\ mi > \ < 5x 

This implies dist (< u^°\ m — 2m\ >, 2-7rZ) < <5x. By assumption A3 and (|6.3f) it then follows that 
m = 2m\. Since m\ G S U {0} the condition =< m,g >=< 2m\,g > can only be satisfied, if 
mi = and hence m = 0. However, this contradicts the assumption |m| > 0. 

Claim (d) is also proved by contradiction. Assume there exist A G U(M <yl \ p\), 6 G C, C\,C 2 G 
m, n 6Z" with < |m — ra| < 2N\, <m-n,g >= 0, and numbers 6\ G ^,1' 

2 G I ( cl v such 

that 

dist(0+ < w,m > -0i,2ttZ) < ^, ( 6 - 10 ) 
dist(0+ < cj,n > -02,2vrZ) < ^. 
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By the definition of the sets \ there exist m\,n\ G S U {0}, such that 

dist (0i - 2 < u (0) ,mi >,2vrZ) < S\ and dist(0 2 - 2 < w^, m >, 2ttZ) < ft. 

Substituting 0i and 02 in (|6.1Uj) and taking the difference of the inequalities of (|6,1U|) we obtain 

22 

dist(< u,m - n > -2 < u' 0) ,mi - ni >,27rZ) < ( 6 -H) 

Using |m — n| < 2Ni and (j6,2j) we conclude that the distance of < u/°\ m — n — 2(mi — m) > to some 
integer multiple of 27r is less than 3ft. Assumption A3 together with (|6.3|) imply m—n—2{m\—ri\) = 
0. From < m — n,g >= we see that < mi,g >=< n\,g >. Recall that mi,ni G S U {0} and 
therefore we must have mi = n\. Thus m — n = 0, contradicting the assumption |m — n\ > 0. 
(4) i=1 : Let C G C^, m G 5nC and (0,A) G ?7(K \ x U(B pi (A^),pi). We write m = ^e, 

with /u G { — 1,1} and i G {1, . . . , v\. From definition (|6.9j) it follows that 

{0, -2^ 0) } + (-ft, ft) + 2vrZ C 

Thus 

dist (0,2vrZ) > 9ft /10, 
dist (0,{-2^ (O) } + 2vrZ) > 9ft/10. 

By (j6.2[) we have \u>i — lo^\ < ft/3, implying 

dist (0 + fiUi, {iMuf ] } + 2vrZ) > -ft, (6.12) 
dist (0 + /xw*, {-/iwf } } + 2ttZ) > -ft. 

Since 0+ < u;,m > = + /UWj we conclude from (|4.12|) . proposition 119. II fa) and (|(j.4j) that 



dy5 

- \ Vi(V -t fJ,Ui)\ > 

This completes the proof of Lemma 16.51 □ 



\V(9,u)(m)\ = \V i (e + nu i )\>^ 



7 The induction statement for j > 2 

In this section we formulate the induction statements for j > 2. They concern the following 
quantities Vj : U(M {1 \pi) -» X ljC , C AA (1) , index sets and #0'-°- 5 ), vectors G M {1) 
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(k G K&) f sets (k G K®, C G C (i) ) and sets of polynomials VOCf C PO£ (jfe G K^' ^). 
The proof that such functions exist will stretch over sections |H1 ~ 1111 
Statement (ZS)j>2 : 

(a) vj : UiAf^^pi) -► Xi jC is a C°° - function (if U(AfW, p x ) is considered as a subset of R Au ). 

(b) The restriction of the function Vj to the set U(M^^ 1 \ p,_i/4) is analytic. 

(c) The map A i— ► V(vj(X), A) has an analytic continuation to U^AfV -1 ', pj-i/4) and 

ll^(«i(A),A)|| 1/4 , c < e-^-i|«| 2 for all A G U(^~ l \ Pj ^/A). 



4e 6 v 2 D w D 2 N D T NT +1 \ a \ 2 if j = 2, 
e"^- 2 ^! 2 if j > 2. 



(d) For all A G U(AfW, pi): 

\\vj(X) - «j_i(A)||i jC < 

(e) For all A G U{M {1 \ pi): 

{ (3me^D w DlD E (\(3\i)N^- l) ifj=2, 
{ pie^D^PU)^) e-* N s-' ifj>2. 

(f) For all A G J7(A/" (1) , pi) the support of Uj-(A) is contained in B/\^_i(0) \(5U {0}). 

(g) For all A G B(N {1 \p\) and m G Z u we have Uj(A)(m) = u,(A)(-m) G M. 

(h) Let A = (a,oj) G U(AfW,pi) with a* = 0, for some 1 < i < v. Then Vj(\)(rn) = 0, if rrtj 7^ 0. 

(2)i> 2 

(a) N^ = U k( , KU) B Pj (\ { i ) )c:N^- 1 \ 

(b) For & G lf(J~ - 5 ) the following inclusion holds: 



(^)\AT(i))n^._ 1 (aP 5 )) 



{AG Sft_ 1 (A^" a5) ) : |[< w,m >] - 0| < | and 
fc*) elLf Ip([< >] - tf, A)| < (Z?* + 1)5,}. 
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(c) VOLf C VOL and #VOC { f < 2{2N j ^ 1 ) iu 5j 2 1 . 

(3) i > 2 Let C G C (j) and k G if^. Denote C" := C n 5i. 5 (0), if j = 2, respectively C" := 
C n B Nj _ a (0), if j > 2 and jf := tt^A;. 

(a) J^l C 1^ fc V is an open set. 

(b) For A = (o,w) G U(X^\ Pj ) and meZ" with 2iV i _i < |m| < 2iV,-: 

dist (< w,m >,2ttZ) > sd TiC e"5l m l c . 

(c) For k G K®, A = (o,w) G U(B pj (X^), Pj ), C G C^, m with 2^-1 < |m| < 2JV$ and 
< m,g >= 0: 

< W ,m>Gf/(M\/g ) fc ,^), 
where I^l = (see remark l3.36[) , 

(d) For k G JfC*), A = (a,w) G U(B pj (X^), Pj ), 9 G C, Ci,C a G m,n G with 2JV,-_i < 
|n — m| < 2Nj and < m — n, g >= 0: 

0+ < u,, m >G U(%l k , flK W ,n>eC\ U(I^ k , ^). 

(4) J>2 Let G iT^', C G and define the corresponding C, k! as in (3)^. There exists a map 
(0, A) ^ G^(0, A) which is analytic on U{I^) \ igj, x [/(£ p . (X^),pj), satisfying 

\\G^(e,X)\\ aj , c < Mj for (0,A) G U(ljjr$ \ igl «//10) x U(B p .(\®), Pj ). (7.1) 

Furthermore, 

g£P(M) is the inverse of the matrix (0, A) (the restriction of the matrix (9, A) 
(see KTTh ) to the set C) for all (0, A) G U \ I^ k , Sj/W) x [7(5 Pj (A^ j) ), Pj ) \ Z c . The entries 
of Gq\o, A) are real for real values of (0, A). 

8 The construction of vj + i for j = 1 

In this section we construct V2 from x>\ by a modified Newton scheme. The induction hypothesis 
(ZS)(3c)j=i and (Z«S) (4) j = i will imply that the diagonal parts of the linearized operators dominate 
the corresponding off-diagonal parts. The linearized operators can be inverted by a Neumann series. 
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Observe, that the dependence of the estimates (X5)(le) J= 2 on the order of the derivative \f3\\ is 
better than one could derive from the analyticity of V2 ( see (ZS)(lb)j = 2) and from statement 
(lS)(ld)j = 2 via Cauchy's formula. The improvement we have gained for estimates (IS){\e)j=2 
will be crucial for obtaining lower bounds on the measure of the set of non-resonant parameters in 
section ITU 

Estimates of lemma 14.541 used in section |SJ 



2 2 » +A e & v 2 D w D 2 N < 
c < 



A - 1 log 1.5 



A log 5 
E p > t + 2 

6vNq +1 ~ E » < s 
dyS 



(i/ + l)V d v s 



4cosh>iV iv ) 2iV- 
I2e 6 u 2 D w D 2 N D T N^ +1 p < 1 



(2» +2 ve 2 D N + l)3p < o 



8.1) 
8.2) 
8.3) 
8.4) 
8.5) 

8.6) 

8.7) 

8.8) 
8.9) 



3(2» +2 ve 2 D N + 1)2?*^-^ < \ (8.10) 

dyS 2 

2 2u+A^N_ < Nq (8.11) 
dyS 

3{2 v+2 ue 2 D N + 1)<N (8.12) 

12e 3 uD w D N < N (8.13) 

Lemma 8.14 Assume that induction statement {ZS)j=\ holds. Then there exists a function V2 '■ 
U{M <yl \p\) — > Xi c such that induction statement (IS)(l)j=2 is satisfied. 

Proof. By (|Q5|) . (@3U), (jlTSj) there exists ap eN such that N x = N 5 Po . For 1 < p < p + 1 
define 

L p := N 5 p -\ (8.15) 

5 p := B Lp (0)\(5U{0})cr, (8.16) 
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fip := 1 + - (8.17) 
p 

r p := L~ Ep . (8.18) 
For 1 < p < po + 1 we construct inductively analytic maps z p : U [B Tp (\^ ) , 2r p ) — > X„ \ satisfying 

(i) For all A G U(B rp (X^),2r p ): 

z p (X) = ifp = l, 

||(z p - %-i)(A)|| Atp _ 1 ,i < 4e 6 i/ 2 J D l y J D^L; +1 e- 1 - 5P " 1 |a| 2 if 2 < p < p + 1- 

(ii) For all A G U (B rp (X^) ,2r p ) the support of z p (A) is contained in B p . 

(iii) For all A G 5(S rp (A (0) ), 2r p ) and m £ Z" we have 2p(A)(m) = z p (A)(-m) G R. 

(iv) Let A = (a, u) G ?7(5 rp (A(°)), 2r p ) with a* = 0, for some 1 < i < v. Then z p (\){m) = 0, if 

77tj / 0. 

(v) The map A i— ► "P(z p (A), A) has an analytic continuation to U(B rp (\^), 2r p ) and 

ll^p(A),A)t pil < 2 2 ^ +4 e 6 ^ J D H , J D^ e - 1 - 5P |a| 2 for all A G £/(5 rp (A( )), 2r p ). 

Suppose that for 1 < p < po + 1 there exist analytic functions z p , satisfying (i)-(v). We verify that 

v 2 := Zpo+lltfCAfW,^) ( 8 - 19 ) 

satisfies (Z5)(l)j=2- Observe that (|4.45|) . (|4.15f) together with the definitions of po, L p and r p given 
at the beginning of this proof imply L po+ i = N\ and r po+ i = p\. Since fJ, Po +i > 1, c < 1 (see (|4.5|) . 
(jnHOJ)) and AA (1) = £ pi (A (0) ) (see ([6Tfi|0 it is clear that u 2 is a well defined map from U^^^pi) 
into X\ tC satisfying properties (a) and (b) of (ZS)(l)j=2- Furthermore conditions (f), (g), (h) follow 
from properties (ii), (iii), (iv) of z Po+ %. It remains to verify that v 2 satisfies statements (c), (d) and 
(e) of (1S)(1) J=2 : 

Proof of(c): Using (|8.1|) . property (v) of z po+ i and (|5.2Uf) we only need to show that 

1.5 P0 > JVf. (8.20) 

Recall that po was chosen to satisfy No5 Po = N\. By (j4.44[) we have Ni = and therefore 
Po log 5 = (A — 1) log No. Consequently, (|8.20j) can be written in the form 

(A-l&gzAc (8.21) 
log 5 
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This in turn follows from (|8.2|) . 

Proof of (d): Since vi(X) = and 21(A) = we conclude from (i) and 1)8. 15j) that 

\\(V2 ~ t>l)(A)||i,c < ||(^o+i " < te 6 v 2 D w D 2 N N^\a\ 2 Y,^ T+1) e- l * v (8.22) 

p=l 

for all A G U {M^ 1 ' , p%) . Claim (d) follows from the definition of the constant D T in (|4.22[) . 

Proof of (e): Note that the estimate on z p — z p -\ in (i) holds on a complex 2r p -neighborhood 
of B r (X^). Furthermore, we have r p > p± for all 1 < p < po + 1 and therefore Cauchy's integral 
formula implies for A G U(J\f^\pi), 1 < p < po 

\\dP(z p+1 -z p )(\)\\ 1}1 < pir^teWDwDlfLgle- 1 -*^!) 2 

< p\36e 6 u 2 D w D 2 N Ll+lr 2 p -p i e- 1 - 5P . (8.23) 

From ((H3I) and (|HTTH1) it follows that L T p \\ < r~+ x . A calculation similar to (|835|) yields for 
A G U{N^\pi) 

Po 

\\dP(v 2 -« 1 )(A)|| liC </3!36e 6 ^^^< p(l/3|l " 1) E 5PBp(l/3|l " 1)e " L5P - ( 8 - 24 ) 

p=i 

Claim (e) follows from the definition of De(x) in (|4.23jl . 

We have therefore reduced the proof of lemma l8.14l to showing that there exists a finite sequence 
(zp)i<p<p +l of analytic maps z p : U(B rp (X^),2r p ) — > AT- i satisfying properties (i)-(v). 
Inductive construction of z p : 

p = 1 : By (i) the choice of zi(A) = is determined for all A G U(B ri (A^ )), 2r\). This choice clearly 
satisfies also (ii), (iii) and (iv). Since r± = N Q p = po we have v\ = Z\ and property (v) follows 
from (lS)(l) j= i (b). 
p — > p + 1 for 1 < p < po : Set 

T p (X):=D v V(z p (X),X)\ Bp+1 . (8.25) 

We first investigate the invertibility of T p (X) for A G U(B rp+1 (X^),2r p+ i). To that end we split 

T p = D + R, (8.26) 

where D(m,n) = V {oj)(m)5 min and R = DW(<p(a) + z p (X))\b p+1 - We will show in steps 1 and 
2 below that the diagonal matrix D dominates R and that we can find the inverse of T p by a 



57 



Neumann series (step 3). In step 4 we define z p+ \ and show that z p+ \ is analytic and satisfies 
properties (i)-(iv). In a final step we verify condition (v). 

Step 1: Estimates on D. We prove that for all A G U(B rp+1 (X^),2r p+ i) and m G -B p +i 

\V{u){m)\ > (8.27) 

Case i: 1 < | < m, 5 > | < v. 
Set I := I < m,5 > |, then V(u)(m) = Vi(< uj,m >). Since \u — u/°)| < 3r p+ i, it follows from 
assumption A3, m ± e; 7^ (since m £ S), and (|8,4|) that 

dist (< u;,m >,{±i^ (0) } + 27rZ) > dist (< cj (0) , m T e/ >, 27rZ) - 3ur p+1 L p+1 

s c 
> 77 3vr p+ iL p+ i > 



jt — PTi-yri — nj T 

p+1 p+1 
Estimate (|8.27|) follows from proposition I19.ll (a) together with (|8.5[) . 

Case <m,g >= 0. 
By definition V(u;) = ai and ((837)1 follows from (|8.6[1 . 

Case 3:\ < m,g > \ > u + 1. 
Observe that | Im(< uj,m >)| < 2vL 1 p ~^ p < 2vNq~ E ", since E p > 1 (cf. (Q). Estimate (jH^Tl) 
then follows from (|8.7|1 . 

S'tep Estimates on R. Using statement (i) of the induction hypothesis, the definition of D T 
(10221), see also ijElSll ) and < 2 we obtain with (|8~8|) and (|8~9|) 

Ma) + ^(A)|| Mp ,i < Av2^ + V 2 |a| + 4eVZVZ^ J D T AT T + 1 |a| 2 < (8-28) 

Thus lemma IT8. II can be applied and again by (EH) we conclude for A G U(B rp+1 (X^),2r p+1 ) 

< 3(2" +2 i/e 2 £>jv + l)r p+ i. (8.29) 

Step 5: Construction of T~ l . It follows from (|8.27jl that D~ l exists and 

dyS 

Using (|8.29|) and (|8. 1U|) we see that llD^ll^i < 1/2 and we can invert I + D 1 R by a Neumann 
series with bound + D^R^W^^ < \\I\\^ p ,i + 1 < 2D N . Therefore G p := (I + D~ 1 R)~ 1 D~ 1 
exists and by (|8.11j) 

l|Gp(A)IU,i < 4^^J < 2-( 2 ^ 2 )L^ (8.31) 
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\D-\ lpA <D N -^. (8.30) 



for all A G U(B r . p+1 (X^), 2r p+ i). Note that G p depends analytically on A, since D- 1 and R arc 
analytic in U(B r . p+1 (X^),2r p+1 ). Moreover G P (X) = T p l (X) for all A G U(B T . p+1 (A^), 2r p+1 ) \ 
Z Bp+1 (see (EHUD- 

.Step ^: Definition of z p+ \ and proof of properties (i)-(iv). We set for A G U(B r +1 (A^), 2r p+ i) 

z p+1 (A) := z p (X) - G P (A) [V(z p (X),X)\ Bp+1 ] ■ (8.32) 

Clearly, z p +i is an analytic function on its domain of definition. Property (i) is an immediate 
consequence of induction hypothesis (v), (|8.31|) and proposition l5.14l Property (ii) is obvious, since 
z p+ i(m) vanishes outside B p+ i by construction. For A G B(B rp+1 (X^), 2r p+ i) we have by induction 
hypothesis that z p (X)(m) = z p (X)(—m) G R, implying V(z p (X), X)(m) = V(z p (X), A)(— m) G K by 
the definition of V (see (j3.13j) ) and the analyticity of V"(z p (-), •). It then follows from proposition 
liy.lSf a) and B p+ i = —B p+ i that z p+1 also satisfies property (iii). To prove (iv) assume that = 
for some 1 < i < v. By induction hypothesis z p {X){m) = 0, if m; ^ 0. One readily verifies from 
the definition that T , (z p (X), A)(m) = for mi ^ 0. Furthermore, proposition 119. 151 (b) shows that 
the matrix T p is of block form T p (m, n) = for mi — ni^ 0. Of course, the block form is preserved 
under inversion of the matrix. This implies z p +i(A)(m) = for m, ^ 0. 

Step 5: Proof of property (v). To prove analyticity of the function V(z p (-), •) across Zb p+1 we need 
to convince ourselves of the analyticity of D{z p +\ — z p ) at the singularities of the diagonal matrix 
D. From (|Q2l it follows for A G U(B rp+1 (X^),2r p+1 ) \ Z Bp+1 that 

D(z p+ i - z p )(X) = -V(z p (X),X)\ Bp+1 +R(X)G p (X)V(z p (X),X)\ Bp+1 , (8.33) 

which clearly has an analytic continuation across Z Bp+1 . To obtain an estimate on 7 3 (z p +i(A), A) 
we expand 

V(z p+1 (X),X) = [V(z p (X),X)+T p (X)(z p+1 (X)-z p (X))] 

+ [(D v V(z p (X), A) - T p (X))(z p+1 (X) - z p (X))] 



/ (1 - t)Dl v V{z p + t(z p+ i - z p ), X)[z p+ i - z p , z p+ i - z p ]dt 
Jo 



+ 

= I + 11 + III. 

By continuity it suffices to show that the following three estimates hold for all 
XGU(B rp+1 (X^),2r p+1 )\Z Bp+1 . 

IIIII/W < V+WlV^e-^+Vl 2 , (8-34) 
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II|U, +1 ,i < \2^ + WD w Dle-^ +1 \a\\ (8.35) 



l|/U|U P+ll i < \2 2 ^e^D w Dle-^ P+1 \a\\ (8.36) 
From (jH32), (tB~T31) it follows that 



= WP(z p (X),X) -V(z p (X),X)\ Bp+1 \\iJ.p+i,i 
< \\P{z p {\)A)h P ,ie-^-^ L v+\ 

Using the induction hypothesis and (|8.17|) it suffices to show that 

3e- l - 5P e-^) Lp+1 < e- L5P+1 , (8.37) 

or equivalently 

a p := log 3 + h.5 p < — — -- — —Nq5 p =: b p . (8.38) 
2 p(p + f ) 

Inequality (|8.38|) follows inductively: one verifies easily that < a\ < b\ (observe that Nq > 5 by 
(g3SJl) and that 

£e±! < L5 < ! < *E±i forpeN. 

CL<p 3 Up 

Thus (|8.34j) is proved. 

It follows from the definition of T p (X) in (|8.25f) and from supp((z p+ i — z p )(X)) C B p+ \ that 

(II) (m) = for \m\ < L p+1 , (8.39) 
(II)(m) = R(fn, n)(z p+ i — z p ){n) for |m| > I p +i- (8.40) 

Hence we obtain 

||H|U P+ll i < \\Rh P AW+x - ZpW^ie-^-^^+K (8.41) 
Using 1|8.29|) . the already proven property (i), (|8.3j) . and l|8.12|) we observe that (|8.35|) follows from 

Using (|8,28|) and the estimates leading to (|8.28|) we see that both 

rp\b 

2 

rRb 



\\<p(a) +^(A)|| Mp>1 < -7T" and 



||^(o) +^+i(A)|| Mp) i < } 
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Therefore \\ip(a) + z p (X) + t{z p+1 - ^)(A)||^,i < r F)b /2 for all A G U(B rp+1 (X^),2r p+1 ) and 
< t < 1. We can apply lemma ll8.il and obtain 

Estimate (|8.36j) follows from property (i), and from (|8,3|) . ()8.13|) . □ 

9 The construction of Vj + i for j > 2 

In the case j > 2 we also construct from Uj by a modified Newton scheme. In contrast to the 
previous section, the inverse of the linearized operators cannot be obtained by a Neumann series. 
However, induction hypothesis (2tS)(3c)i<;<j and (T5)(4)i</<j imply that we can find sufficiently 
many local inverse matrices such that the coupling lemma l20.1l can be applied. We derive estimates 
on the inverse of the linearized operators which are sufficient for the Newton scheme to work. 
Estimates of lemma 14.541 used in section H3 



^Vf(5 c -l)>log2 


(9.1; 


4pj < pj-i 


(9.2; 


2a\ > dy5\ 


(9.3; 


(u + 1) V d v 5i 
; — ^ a\ > 

4cosh 2 (WVo p /2) 2 


(9.4; 


4D w e~i N ^Mi < 1 for 2 < / < j 


(9.5; 


IQeuD^pi < rp,b 


(9.6; 


8e 5 vD w D N D T N£ +1 pi < 1 


(9.7; 


8pi < euD^ 


(9.8; 


64euD w D%pi < dv$i 


(9.9; 


1 Arc 

4D N Mie 4'(i+i) Jv i-i < 1 for 2 < / < j 


(9.10; 


2 

M 2 > 

dyOi 


(9.11; 


4D% < N x 


(9.12; 


N AE M +1 < e ±N- for all N > Nl 


(9.13; 


19 

5 C < — 
~ 18 


(9.14; 



61 



3 (AevD N ) 2 D w < (9.15) 
8euD w D NPl < 1 (9.16) 
3 < e^f (9.17) 

Lemma 9.18 Let j > 2 and suppose that (TS)i is satisfied for 1 < I < j. Then there exists a 
function Vj+i : [/(AA 1 ),/^) — > X\^ c satisfying induction statement (IS)(l)j + \. 

Proof. The proof is similar to the proof of lemma 18.141 Again we will construct Vj+i from Vj by 
a modified Newton scheme. The main difference, however, is that the existence of (and estimates 
on) the inverse of the linearized operator does not follow from the dominance of the diagonal part. 
Instead we use the induction hypothesis and the coupling lemma 120. II 

By definitions (g33J), (BHD) and (|4~T3|) there exists a p € N such that Nj = Nj^^ . For 
1 < P < Po + 1 define 

L p := N^-\ (9.19) 
B p : = B Lp (0)\(5U{0})cr. (9.20) 

We construct inductively analytic maps z p : U{N^\pj) -> Xi jC , 1 < p < po + 1, such that the 
following holds: 

(i) For all A G U(M U) ,Pj): 

Zp(X) = Vj(X) for p = 1, 
\\{z p - z p -i)(X)\\i t c < e~^ L i\a\ 2 for 2 < p < Po + 1. 

(ii) For all A G U{M^\ Pj) the support of z p (A) is contained in B p . 

(iii) For all A G B(M i - j \p j ) and m £ Z" we have %>(A)(m) = z p (A)(-m) G R. 

(iv) Let A = (a,oj) G U{M^\ pj) with = 0, for some 1 < i < v. Then z p (X)(m) = 0, if nii ^ 0. 

(v) The map A i— ► V{z p {X), A) has an analytic continuation to U(M^\pj) and 

||P(z p (A),A)|| 1/4iC < e- L p\a\ 2 for all A G U(M U) , Pj ). 
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We will first complete the proof of Lemma 19.181 assuming that such functions z p exist. Recall 
the definition of the function ip in section 0]G). For e > set 



ip e (x) := e Au ifj ^— ^ for x G 



D \V 



(9.21) 



Furthermore we denote 



X® := u(M^\^) cC 2u = R 4u , 



^0") ( 3 



i'pj/six -y)dy. 



(9.22) 
(9.23) 



It is easy to see that the cut-off function G C°°(M iu ) has the following properties: 

¥ j \x) = 1 for x G U(Ar®,pj/4), 

supp(*^) C U(Af^,3 Pj /A), 

0<¥ j) (x) < 1 for:rGlR 4iy , 



< 



i) for a; G 



x>iv 



(9.24) 
(9.25) 
(9.26) 
(9.27) 



We define 



v j+l {\) :-- 



(9.28) 



Vj (\) + (z P0+l (X) - Vj -(A))*0')(A) for A G UQ^\ Pj ), 
Vj(X) for A G [/(A^ 1 ), pi) \ U{N®,pj) 

From (|9.25|) we conclude that Uj+i is a C°° function. Furthermore, by (|9.24|) . tu+i coincides with 
i on the set U(J\f^' ,pj/4) and is therefore analytic on this set. Thus we have already verified 



properties (la) and (lb) of the induction statement {ZS)j + \. By definition (see (|9.19[l ) we have 
L po+ i = Nj. Statement (c) of {ZS)j + \ is an immediate consequence of (j9.24[) and property (v) of 
Zpo+i. Note that for A G U{M^\ P j) 



v 3+l (X) - v 3 (X) = *&'>(A)y(A) with 



(9.29) 
(9.30) 



p=l 



The estimate (i) on z p — z p _\ together with e » L p+ 1 < \e s L p for 1 < p < po (a consequence of 
ifOl ) yields 



\z p+1 (X) - z p (X)\\ hc <2^e-^ N U\a 
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and therefore 

WvWKe < e~^ N ^\a\ 2 for A G U(M^\pj). (9.31) 

Since |^^(A)| < 1 (see ()9.26|) ) we have proved statement (d) of {TS)j + \. Furthermore, by the 
analyticity of y in U(M^\ pj) the Cauchy integral formula implies 

/ A \ \PU 1 

[|^Z/(A)||i )C </3!^-J e-s^-i for A € U(M {j \ 3 Pi /4). (9.32) 

Applying the Leibniz rule to the right hand side of 1)9.29(1 statement (le) of (X5)j+i now follows 
from (I9~231) . (ITOTl) . (EH9l and (l9~32l . Statements (If), (lg) and (lh) of (lS) j+1 follow by (EM 
and (|9,28|) from the corresponding properties of vj (see (If), (lg), (lh) of (IS)j) and of z Po+ \ (see 
(ii), (iii) and (iv) and recall that L Po+ i = Nj by the definition of pq.) 

Thus the proof of Lemma l9.18l is reduced to constructing analytic maps z p : U (M^\ pj) — > -X"i, c > 
satisfying properties (i)-(v). 
Inductive construction of z p : 

p = 1: By (i) the choice of z\(X) = Vj(X), A G U(J\fv\ pj), is determined. Since U(N^\ pj) C 
U{N^~^,Pj-x/^) (see (fOfl . (T5)(2a) i ), it follows from (X5)y(16) that z x is analytic. Recall 
furthermore that L\ as defined in (|9.19|) equals Nj—i and properties (ii), (iii), (iv) and (v) are 
satisfied for z\ by statements (If), (lg), (lh) and (lc) of (ZS)j- 

p — ► p + 1, l<p< Po : Define 

T P (A) := D v V(z p (X), X)\ Bp+1 for A G U(^\ Pj ) \ Z Bp+1 . (9.33) 
In order to see that 1)9.33)) is well defined, we first show that 

\\<p(a) + z p (X)\\ ltC < 4evD N \a\ < ^ for A G U(Af {j \ Pj ). (9.34) 

Indeed, for A G U{M^,Pj), 

\\<p(a) + z p {X)\\ 1>c < |b(a)||i, c + ||«2(A)-ui(A)||i lC 

+ \\ Vj (X) - U2(A)||i jC + \\z p {X) - Vj{\)\\ x ,c 

= I + II + III + IV, 

where 

/ < 2v\a\Djs[e, 
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II < 4e 6 v 2 D w D 2 N D T N£ +1 \a\ 2 < euD N \a\ ( see (T5)(ld) 2 , (|32J), 

3 3 

III < ^||^-^-i||i, c <^e _ ^i c -2|a| 2 <4e"l 7V i c pi|a| 

/=3 1=3 

< -evD N \a\ ( See (IS)(ld) ^) ^I□J>^2!^)> 

P V 

IV < ^ - z/_i||i jC < ^e"^ L ' |o| 2 < 2e~^^-Vi|a| (9.35) 

1=2 1=2 

< -evD N \a\ ( see (i), (E3J, ID)- 

Using in addition (|9.6j) we have proved (j9,34j) . 
Claiml : 

There exists an analytic map A i— ► G P (X) on U{M^\ pj) satisfying 

||G P (A)|U J+1 , C <L^ +1 for A G U(N^\pj). (9.36) 

Moreover, for A G U{N^\ Pj) \ Zb p+1 the matrix G P (X) is the inverse ofT p {\). 

Proof of claim 1: Let A G U{M^\ pj). Then there exists a (not necessarily unique) kj G K^' 
such that A G U(B Pj (X^), pj). Set k[ := TT^kj for 1 < I < j — 1. The definition of the projection 
7Tj^ (section 01 J) together with (|9.2|) imply 

\eu(B n (\®),?£) forl<Z<i-l. (9.37) 

We set 

£ :={mGS p+1 : | <m,g> | G {1,2,...,!/}}. (9.38) 

For each m € Eq we denote by m! G the (uniquely defined) lattice point satisfying < m' ,g >= 
and m — m' G S. Furthermore, we define for n£Z" 

aw =- «i = i. (M9) 

( (B,H.i-{n}) 5^(0) if 2 < Z < j. 

Observe that for m £ Eq with |m'| > 2iV)_x, / > 2, the sets C s (m') are elements of for all 
1 < s < I. Indeed, m — m'G 5nC s (m') by definition. Moreover, it is also obvious from ()9.39|) that 
C s {m') C .B/v s _;l(0) for 2 < s < I, respectively Ci(m') C -Bi.s(O). To see that C s {m') is an interval 
in the case 2 < s < / we employ |m| > 2Ni_\. Hence the following is a proper definition. 

:= \m G S : W\ > 2JVj_i and < w, m' >G t/ f ,s . \ ij?, » t , — )j 
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for 2 < I < j, (9.40) 



3 



Ti := B p+1 \(JJ r *J- (9.41) 
The definition of the sets T; is motivated by the following properties: 
(a) For all m G Tf. \V(u)(m)\ > 
(/3) r ; C {m 6 Z v : |m| > 2A^ z _i> for 2 < I < j. 
(7) For 2 < I < j and m £ lj we have 

((r p )(A)| C!(m0+{m / } ) _1 <2D N Mi (cf. remark below). (9.42) 

Remark 9.43 In the proof of claim 1 we have chosen an arbitrary but fixed A G U{M^\ pj). 
Since the matrix T p (X)\ Cl ^ m ^ + ^ m /y does not have finite entries for A G ^Ci(m')+{m'} we ^eed to 
interpret statement (j) in this case. We understand by claim (•j) the following. There exists an 
open neighborhood U\ of A and an analytic map p \— ► G(//) defined on U\, such that G{jj) is the 
inverse of (T p )(p)\c l (rn')+{m'} for p G U\ \ Zc l ( m ')+{m'}- Moreover, G(A) satisfies estimate \9.^ . 



Proof of (a): Let m G T\. 

Cose -Z: m G -B p +i \ i?o- Suppose first that < m,g >= 0. Then V(u){m) = ai and the claim 
follows from ()9.3|) . Therefore we may assume that \ < m, g > \ > v + 1. Since the imaginary part 
of < lo, m > is bounded by vpjNj < uNq Ep , the claim follows from (|9.4j) . 

Case m G Eq. Recall that definition ()9.2U|) implies S n -B p +i = 0- Furthermore, m' has been 
chosen such that m — m' G S and hence we have 

< \m'\ < Nj. (9.44) 

We can define I G to be the minimal integer such that \m'\ < 2Ni is satisfied. Since 

h G K®, A G U{B pi (X^),pi), Ci{m') G C^, < m',g >= and < \m'\ < 2N X for I = 1, 
respectively, 2iVi_i < |m'| < 2iV; for 2 < I < j, the inductive statement (X5)(3c); implies that 

<u,m'>eu(R\I® (ml)iki ,^y (9.45) 

Observe that the definition of C s {m!) and k s together with the induction statement (IS)(3a) s yield 

In\ n fc C /I"" 1 ! n t for 2 < s < j. (9.46) 

C s {m'),k s (7 s _i(m'),fc s _i — — j \ j 
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Thus 



■ \ ^Ci(m>),k, =R \ Icl{rn')M U U (-^? a -l(m'),fc.-l \ ^c!(m'),k a ) 



(9.47) 



s=2 



The definition of Ti (see (|9.41|> ) implies m g T s for 2 < s < j. It follows from (|9.45j) . (|9~T7|) and 
(t9~ini) that 



Clearly, we have Si < 5\. Induction statement (2<S)(4)i (k = k\, C = Ci(m')) implies 

|l/(<u;,m >, u;)(m — m )\ > — - — . 



<5i 



(9.48) 



(9.49) 



Claim (a) now follows from V{< u>,m' >,u)(m — m!) = V(0,u)(m) = V(u>)(m) which is a conse- 
quence of < m',g >= (cf. (I2~TK1) . EEKh ). 

Proof of ((5): Obvious from Q9.4UJI and \m — m'\ = 1. 

Proof of (j): Let m£f| for 2 < I < j. Recall that Ci(m') £ C®. Furthermore 



« W) m' >,A) ^(^(mO^xV^W^) x ^ ( B Pi( X k!)>Pi 



(0 
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(9.50) 



Induction statement (Z«S)(4); provides the existence of an inverse matrix ,^(< w, m' >,A) 

which clearly has an analytic continuation to some neighborhood U\ of A. Using proposition 119. 18*1 
and < m',g >= we have found an inverse matrix of ^c?j(m')+{m'}(^' ^) ( see remar k l9.43j) with 

L Ci{m')+{m'}j 

According to proposition 124. ill claim (7) follows, if we can show that 

1 



(0,A) 



(9.51) 



^p(A) — T^(0, A)J lci(m')+{™'} 



< 



(9.52) 



Estimate (|9.52j) . however, is a consequence of (|9.33|) . Iemma fl8.il induction hypothesis (i), induction 
statements (XS)(ld) s for I < s < j, f"7T]) and (|93|) : 

[TpW ~ ^ (i) (0, A)) |Q(m')+{m'} 

v 7 cr;,c 

< ||£>W%(a) + z p (A)) - DW(<p(a) + u,(A))|| a , c 

< D H /|kp(A) - vi(X)\\ 1)C 

(j v 
\\v,(\) - u 8 -i(A)|| llC + IM A ) - %-i(A)||i, c 
s=l+l 9=2 
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< D 



\s>«+l q>2 J 



< < — . 

This completes the proof of statements (a) - (7) and we return to the proof of claim 1. To this 
end we apply the coupling lemma I2U.11 In the notation of lemma I2U.1I we set 

A = B p+ i, 

T P (X) = T = D + R, where 

D(m,n) = V(u)(rn)8 m , n , (9.53) 

R(m,n) = DW((p(a) + z p (\))(m,n), 

(7 = 1, 

a = (7j + %. 

Let us first assume that A £ U(J\f( j \pj) \ Z Bp+1 . Observe from (|9~3i]) and lemma HO that 

||-R||l,c < 8evD w D NPl . (9.54) 

Next we hcLVG to define the quantities l ni (j, n , C n and U{n) for each n £ B p+1 . By definition 
(|9.41j) we have B p+ i = [j J s=1 T s . Therefore we can pick for every n £ B p +i a (not necessarily 
unique) integer s n £ {1, . . . , j} such that n £ T Sn . In the case s n — 1 we set 

l n :=l, /%:=(), C n :=g£, U(n):={n}. (9.55) 

Recall that for n £ T/, I > 2, we have n £ Eq and therefore there exists an unique n' £ Z y satisfying 
< n' , g >= and n — n' £ S. In the c&se s n ^ 2 wg define 

In := iV s „_i - 1, fi n :=a Sn -a j+1 , C n :=2D N M Sn , U(n) := C Sn (n') + {n 1 }. (9.56) 

We now verify the hypothesis (f2"U~3~)) - (|2U3|) of lemma 120 
Case s n = 1: The set U(n) contains the single point n and 

\D(n,n) + R{n,n)\>^-\\Rh, c >^ 

by (a) and ()9.9|) . Hence (|2U.3f) is satisfied. Condition (|2U.4|) is clear and condition (|2U.5|) follows 
again from (|9.9() and (|9.54l) . 
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Case 2 < s n < j: Condition (|2U.3f) is satisfied by statement (7) and ()2U.4[) follows from the 
definition of C Sn {n') (cf. (|9.39|0 and \n - n'\ = 1. Finally, condition (|20.5j) is satisfied by (jE}, 
(EHU1) and (EH51) . 

We can apply lemma OO.ll and obtain that the inverse matrix T P (A) _1 exists satisfying a matrix 
satisfying 

\\T p {X)- l \\a j+1 ,c < 2Z?Armax f^,2AvM^ . 

Keeping (jHHIJ), (j^T2^ . (|4"4^|) and l)Pg|) in mind we obtain 

II t p(^) _1 ||o-j + i,c < 4D^A^ < iViiV/^ < L* Em+1 . (9.57) 

Recall that we have assumed for the construction of T p (A) _1 that A G U(M^\ pj) \ Zb p+1 - For 
A G U(N {j \pj) n not all entries of T P (A) are finite and therefore we have to explain what we 

we understand by T p (A) _1 (see e.g. remark r9.43|) . Observe from the proof of lemma |2U, II that the 
construction of T^ 1 only uses T^}-. and R. The diagonal matrix D which contains the singularities 
does not appear. Note furthermore that T^}, is defined (in the sense of remark I9.43|) also for 
A G U{M^\pj) n Z Bp+1 ( see (7) and remark BT15I for 2 < 

s n 5: j] in the case s n — 1 simply use 
1/co = to define T7\ in the case D(n,n) = 00). Thus we may extend the definition of T P (A) _1 
to the set A G U{M^\ pj) n Zb p+1 via lemma 0U.1I Estimate (|9.57|) holds for this extension, too. 
We denote the extension of Tp(A)" 1 to all of U{N^\pj) by G p (X). 

In conclusion, we have constructed G P (A) for every A G U(N^,Pj) such that is satisfied 

and G P (X) = T~ l {\) for all A G U{M^\ pj) \ Zb p+1 - In order to prove claim 1 we still need to 
show analyticity of G p {-). Fix again A G U(N^\ pj). It is clear from the above construction that 
Gp(A) has an analytic continuation A{p) to an open neighborhood U\ of A (cf. remark I9.43j) . 
satisfying A(p) = T~ l {p) for all p G U\ \ Zg p+1 . Nevertheless, by construction it is not a-priori 
clear that A(p) = G p (p) for p G U\ \ {A} since e.g. the choice of the local neighborhoods U(n) 
(see (|9.55|) . ()9.56j) ) might differ for different values of A. However, we observe that A(p) = G p (p) 
for all p G U\ \ Zb p+1 since they are both inverse to T p (p). Suppose now that A' G U\ n Zb p+1 - By 
the same reasoning as above there exists an open neighborhood Uy of A' and an analytic function 
B on Uy such that B{\') = G P (X') and B{p) = T p l {p) for all p£Uy\ Z Bp+1 . Thus A{p) = B(p) 
for all p G U\ D Uy \ Zb p+1 and since Zb p+1 is a set of measure the functions A and B coincide 
on U\Pi Uy by analyticity. This implies in particular that ^4(A') = B(X') = G P (X'). We have shown 
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that = G p (p) for all p £ U\ which in turn implies the analyticity of the function G p at the 

point A. The proof of claim 1 is complete. 
Next we define z p+ \. Set 

B p+1 :=B p+1 nB 3Lp (0), (9.58) 

and denote by Xb +1 the corresponding characteristic function on 7L V . For A G U (J\fV' , pj) we define 

z p+1 (X) := z p (\) - G P (X) [xb p+ V{z p {X), A)] . (9.59) 

From claim 1 and induction hypothesis (v) it follows that z p+ \ is an analytic map from U(N^\ pj) 
into Xi )C . Moreover, property (v) of the induction hypothesis, (Jj+i > 1/4 (see ([4.7[H . and (|9.57|) 
yield 

\\z p+1 (X) - z p (A)|| 1/4 , c < Lf^ +l e~ L i\a\ 2 . (9.60) 

Using in addition hypothesis (|9.13j) . (|9.14f) and supp(z p+ i) C B p+ \ we obtain 

||%+i(A) - ^(A)||i jC < L^ EM+1 e- L pei L p+i\a\ 2 < e- L< p+^ 5 ~ C -'^\a\ 2 < e _ ^+i|a| 2 , (9.61) 

proving property (i). Property (ii) is clear by construction. The proof of properties (iii) and (iv) is 
similar to the corresponding proof in section |H] and will not be repeated here. It remains to show 
(v). Again, analyticity of the function "P(z p+ i(-), •) can be dealt with in exactly the same way as 
in section |HJ where one uses that DG P = I — RG P is analytic. We expand 



V(z p+1 (X),X) = V(z p (X),X)-Xb p+ V(z p (X),X) 



+ 



Xb p+1 ^(%(A),A) +T p (X)(z p+1 (X) -z p (X)) 



(9.62) 



+ [(D v P(z p (X), A) - T p (X))(z p+1 (X) - z p (X))} 
-l 

+ 



/ (1 - t)D 2 v V(z p + t(z p+ i - z p ), X)[z p+ i - z p , z p+ i - z p ]dt 
Jo 



= I + II + III + IV. 

Since II = by definition (|9.59f) it suffices to show that for A G U{M^\ Pj) \ Zb p+1 the following 
estimates hold: 

1 



|J||i/4,c < ^ L ^ +1 k| 2 , 



I II I\ 



Ji/4,c < ge"^ 1 ^! 2 , 
\IV\\i/i,c < \e~ L ^\a\ 2 . 



(9.63) 
(9.64) 
(9.65) 
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Estimate on (I): Since the support of z p is contained in Bl p (0), definition (|9.58j) implies 

P(z p (X), A) - Xb p+1 ^(^(A), A) = W(<p(a) + z p (X)) X{ \ m \>3L p} - (9.66) 

Furthermore we have \\f(a) + z p (A)||i iC < by (|9,34|) , We can therefore apply lemma H8.ll 

Using in addition (|9.14|) and (|9.15|) we obtain 

||/||i/4, c < D w {±evD N fe--± L i\a\ 2 < -e^^H 2 , 

proving (|9,63|) , 

Estimate on (III): Using (l9~59l . (j933l . (|93i]) . (FT7TH1) . (19371) . induction hypothesis (v), (|9~T3l 
and (|9~TI|) it follows that 

ll^lli/4,c= ^2 \R(n,mi)\\G p (m 1 ,m 2 )\\'P(zp, X)(m 2 )\w 1 /^ c {n) 

|n|>Lp+i,miG_B p +i,|m2|<3Lp 

< ^2 \R(n,m 1 )\\G p (m 1 ,m 2 )\w 1 /^ c (n - m 2 )\V(z p , A)(m 2 )|wi/4, c (m 2 ) 

< ^ |i2(n,mi)||G p (mi,m 2 )|wi/2, c (n - m 2 )e~4 |n_m2l °|:P(2p, A)(m 2 )|io 1 / 4iC (m 2 ) 

< e -3(2i P ) c ^ |i?(n,mi)|w 1/2)C (n - mi)\G p (mi, m 2 )|w 1/2)C (mi - m^l^Op, A)(m 2 )|it; 1 /4 )C (m 2 ) 

< e-^ 2i ^p|| 1/2iC ||G p || 1/2iC ||P(z p ,A)|| 1/4iC 

< e "3(t) CL P+iL^Af+i e -ip| a |2 

< e _L p+i(il 5_c +3(§) )|a| 2 < e _ f L p+i | a | 2 . 

Estimate ()9.64j) now follows from (|9.17|) . 

Estimate on (IV): Estimate (|9.34j) and its proof yield \\ip + £ p ||i, c , \\f + ^p+i||i, c < f\F,&/2. 
Therefore we can apply lemma H8. II and obtain via (|9.6U|) . (|9.13|) and (|9.14l) 

||/U|| 1/4 , C < D w \\z p+1 - z p \\ 2 1/4iC < D W {Lf M+1 e' L i\a\ 2 ) 2 < D w e- L p+^ 5 ~ c )\a\ 4 
< D w e-i L p+i(2 Pl ) 2 \a\ 2 . 

Estimate (|9.65|) now follows from (|9.15|) . 
□ 

10 Construction of the set of polynomials VOjC^ 1 ^ for j > 1 

In this section we assume j > 1, that {TS)i holds for 1 < I < j and that fj+i has been constructed, 
satisfying Our goal is to construct inverse matrices Gq +1 \9,X) of Tq +1 '(0, A) for 
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suitable values of (9,X), where C € c(-? +1 ) and 

T (J+1) (M) = D{9, uS) + DW(<p(a) + Vj+i(\)) = D(9,u) + 12(A). (10.1) 

Note that T^' +1 ) as defined by (tlTHl) is not projected onto some subset of 7L V . In particular, the 
P-projection has not been applied. 

Unfortunately, we will not be able to ensure the invertibility of (0, A) for all relevant 

parameter values of (9, A). Therefore we modify our goal. We construct polynomials p in the 
variable 6 with coefficients depending on A, such that the zeros of the polynomials coincide with 
those parameter values of (6, A) for which T^ +1 \6, A) is not invertible. Moreover, away from the 
zeros of the polynomials we can estimate the norm of the inverse matrices G^, +1 \9,X) in terms 
of A)!™ 1 . This statement is made precise in lemma H0.57I below (see also remark l3.30|) for 
a motivation of the polynomials). This section contains the heart of the multi-scale analysis. It 
follows the ideas introduced by Bourgain in [I], [Hj, although we have chosen a somewhat different 
presentation. Before we formulate lemma H 0.571 we first state the estimates of lemma 14.541 which 
are used in this section. 

Estimates of lemma 14.541 used in section IlUt 



>vD w D N D T Nl +1 Pl < 1 (10.2) 

8pi < euD N (10.3) 

16euD NPl < r F)b (10.4) 

2ai > dySx (10.5) 



— - H — < Z^A'n p , 

4 100 ~ 

(u + 1) V d v 5 



(10.6) 



a\> (10.7) 

4cosh 2 (WV p /2) 2 

25uNjPj < Sj (10.8) 

2<5i < Sy (10.9) 

4pi < Si (10.10) 

-iV 1 c (5 c - 1) > log 2 (10.11) 
8 

4D w e~^ N ^Mi < 1 for 2 < I < j (10.12) 

64euD w D% Pl < d v S t (10.13) 
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1 Afc 

2D N M t e 4i(i+i) iV i-i < i for2</<j 



(10.14) 

2 

Mi > — — (10.15) 



dySi 

8euD w D NPl < 1 (10.16) 

26 1 + 2p 1 <S v (10.17) 

2((Ji + Pi)<l (10.18) 

365 !e 6 z/ 2 Z)^^^(5o) < \^ p/2 (10.19) 
/ 8 \ B ° i 

e^BolDjBo) < for / > 3 (10.20) 

\P«-i/ 

2D N e < ^Nq p/2 (10.21) 

oo 1 

E^ C <7 (10-22) 



4 

z=i 



TP 



OO 



p=2 



(10.23) 



1 + ai < i\f p 


(10.24) 


£ p >3 


(10.25) 


dySo < 2ol\ 


(10.26) 


AuNipi < Si 
(i/ + l)V ^ dy<5 
4cosh 2 5i "' 2 


(10.27) 
(10.28) 


" (iVi + 3) r 
2 T 5 < a 


(10.29) 
(10.30) 


5o < 25^ 


(10.31) 


r< E a 


(10.32) 


iV<f p < M <5 


(10.33) 


10pz < (5/ for 2 < / < j 

{8\ B ° i N c 
V y— J e" itV' < 1 


(10.34) 
(10.35) 



B \M ie -^ N f-i < - for 2 < I < j (10.36) 

^5 + 1 < q (10.37) 
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2 B »D v (8evD w D N ) 2 D 13 (max(l + y) 3B <>9 e -|li/-i| c> \ MF 0+1 pi < J 

\j/>o / 2 

8evD w D N < N 
N oP i < Si 

(l + y)9 e -!l?/"l| C l < (5-1 

400i/^/pT < i 
2u{B l + 1)<B 2 



D\ 3 Mo max 



B 1 \2000v 2 D 1 2 Bl M 2{Bo+u) p j < 



J200v 

( 12 ^2v(B 1+ l) < 

16 pj < Pj 
2 2u 5 1 + 2 4 -+Vi < T7i 
Si > 8u 

2000(2^ + l)<5i < 1 

pj/pj e N 

Pj/Pj+1 G N 



We now state the main result of this section 



(10.38) 

(10.39) 
(10.40) 
(10.41) 
(10.42) 
(10.43) 
(10.44) 
(10.45) 
(10.46) 
(10.47) 
(10.48) 
(10.49) 
(10.50) 
(10.51) 
(10.52) 

(10.53) 
(10.54) 
(10.55) 
(10.56) 



Lemma 10.57 Let j > 1. Assume that the induction statements (TS)i, 1 < / < j and (X<S)(l)j+i 
are satisfied. Let C G C {j+ ^ and k G if0'+ - 5 ). Set k! := 7if +a5) fc and denote 



C':= I 



Then C' G For every i? G ^/\,/ at least one of the two statements A or B is true. 



CnB Nj _ L (0) forj>2, 
CnBi. 5 (0) for j = l. 



(10.58) 



Statement A : Denote by J the connected component of U(I q) k ,,Sj /100) which contains •&. 
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There exists an analytic map {9, A) i-» G { i +1) {8, A) defined on {9, A) G J x [/(Al i+a5) , 2^-) swc/i tficrf 
Gg +1) (0, A) < AD%Mj for (9, A) G J x C/(A^ +a5) , 2^). (10.59) 

Moreover, for (0, A) G J x [7(A^ +a5) , 2/5,) \Z C toe matrix G^ +1) (0, A) is toe inverse of T^ +l) (9 , X) . 

Statement B : There exists a polynomial p c i ^ with the following properties. There exist an 
integer 1 < d < 2v and analytic functions bo, . . . ,bd-i, such that for all (9,\) G U($, (5^/400) x 
U(X^ +0 ' 5 \ 2pj) the following holds. 

(a) Pc; k ,A d > x ) = o d + Ei<MW i - 

(b) \\G% +1 \0,\)\l j+ue < 4D 2 N Mj (l + \ c £$%, xm ) ifp cM (0-*,\)*O. 



(c) < ±. 

(d) < D 2 (m 2B » +2 ^ 2|/3|i_1 for 1 < < B x . 



(e) hi (A) £Rfor\£ B(A^ +0 ' 5) , 2pj) and0<i<d-l. 

(f) \ d eP C ,kA^ X )\ < 1 M 1^1 < <5i/2- 

The proof of lemma 110.571 stretches over the next three subsections. In subsection 110.11 we 
construct a function fc,k' defined for (0, A) G U(Iq} k ,, <5j/100) x U(B p ,(X^/ ), Pj/4), such that the 
zeros of / coincide with those values of (9, A) where T^ +1 \9, A) is not invertible. In principle, one 
could define fc : k' = det(T^ +1 ^). However, we will need estimates on fc : k' and its derivatives which 
we cannot prove for the determinant of a matrix of such large dimensions. Therefore we define fc,k' 
to be the determinant of some reduced matrix b which is at most of size 2v x 2v. In subsection 
110. 21 we prove certain estimates for the function fc,k' which are sufficient to prove lemma H0.57l bv 
applying the Weierstrass preparation theorem (see subsection I10.3j) . In the final subsection 110.41 
we define sets of polynomials which will be important for the completion of the induction step in 
section ^2 

10.1 Construction of the function fc, k ' 

Throughout section flO.ll we suppose that j > 1 and that induction statements (IS)i, 1 < I < j, 
(lS)(l) j+1 are satisfied. We fix k' G K®, C G C (j+1) and let C be defined as in (TfTHHl) . 
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10.1.1 Definition of the singular set S 



It follows from induction statement lS(3a)2<i<j that Iqi^ C for some C G C^. Induction 
statement lS(3a)j=i then implies that for all 9 G U(I^) k ,,5j/ WO) precisely one of the following 
2i/ + 1 cases occurs. 

Case /: dist(0, 2vrZ) < —ft, 
v > y 100 ' 

Case Hi-. dist(6>, {2ujf ] } + 2vrZ) < ^Jft, 1 < i < u, (10.60) 
Case 1 1 If dist(0, {-2wf } } + 2vrZ) < ^ft, 1 < i < v. 

We now define the singular set S, depending on the above cases: 

In Case I we set S := C n S, 
In Case we set S := C n {-ej, (10.61) 
In Case IIIi we set S 1 := C fl {e^}. 

Remark 10.62 T/ie definition of the set S depends on 9 which is omitted in our notation. As 
the definition of S is made in such a way that the diagonal entries of the linearized operator 
have small modulus for m G S. More precisely, we can show 

\V(e,u)(m)\<2D v S 1 forrn^S. (10.63) 

Consider first case I. Let m = [iei G S, /u G {±1}. By Ullfy , JOT)) V(0,u)(m) = Vi(9 + fjtUi). 
Since \uJi — | < 2pi we learn from hl().W\) that 

dist{9 + nu h {^f ] } + 2vrZ) < 2ft. 

Then MU. y\) and vrovosition imply hlU.6*J\) . Assume now that we are in case Hi and S ^ 0. 
Then V(9,uj)(—ei) = Vi{9 — uJi). As above we conclude 

dist(6 - u h {wf>} + 2vrZ) < 2ft, 

leading again to the estimate \1U.6'J\) . Case I Hi is similar to case Hi. 

We set 

T:=C\S. (10.64) 
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Remark 10.65 In order to see that the matrix T^ +1 \6, A) is well defined up to possible singular- 
ities on the diagonal we use 

\\<p(a)+v j+1 (X)\\i, e <8evD NPl < ^ for X e U(M {1 \ Pl ). (10.66) 

The proof of estimate H1U.66}) is similar to the proof of {9.3$ an d relies on the induction statement 
lS(l)i forl<l<j + l and on 177071) . ITTOj) . IM . {TTHJ ). 

10.1.2 Decomposition of the nonsingular set T 

In addition to the assumptions and notation stated in the beginning of section flU. II we will assume 
throughout the present subsection Til). 1.21 that (0, A) G 11(1^)^,5^/100) x U(B Pj (A^, } ), pj/4) is 
arbitrary but fixed. For 1 < I < j, n G Z v , we define 

fc, : = ^V, (10.67) 

CM := ( (C - W,n% « 111 ^2<l<i, (10.68) 
[ (C-{n})nBi. 5 (0) for/ = l. 

Set 

E := {m G r : | < m, g > | G {1, 2, . . . , i/}}. (10.69) 

For each m G £u we denote by m' G the (uniquely defined) lattice point satisfying < m' , g >= 
and m — m' G S. Observe that for every m G Eq, 1 < / < j we have Ci(m') G C'^, since C/(m') is 
an interval (being an intersection of intervals) and m — m' G Ci(m') guarantees that Ci(m') H 5 is 
not the empty set. Next we define subsets of T: 

Ti := \m G E : \m'\ > 2JVj_i and 0+ < u.rri >G U ( fJ,' 1 ] „ h \ « , , — ) 1 

for 2 < / < j, (10.70) 

Ti := r\MJr,J. ( 10 - 71 ) 

The remainder of this subsection is devoted to proving the following properties for the sets T/ . 

(a) For all m G T x : \V{9,u)(m)\ > ^t. 

09) fj C {m 6 Z" : |m| > 2iVj_i} for 2 < Z < j. 
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(7) For 2 < I < j and m £ Ti we have 

T^ +1 )| C j( m /) + { m ^ (6,X) 



< 2D N M t . 



(10.72) 



For an interpretation of statement (7) in the case (9, A) £ ■^c , ; (m')+{m'} we refer the reader to remark 

EM 

Proof of (a): Let m £ IV 

Case -Z: m £ Ti \ -Eo- Suppose first that < m, <? >= 0. Then V(8,u)(m) = a\ and the claim 
follows from (jlU.5|) . Therefore we may assume that | < m,g > | > v + 1. Since the imaginary part 



of 9+ < oj, m > is bounded by Uf>3 ^ : > + < uNq Cp (see (|10.6(l ) the claim follows from (jll).7|) . 
Case 2: m G Eq nTi and m' 7^ 0. 

Recall that the definition of C( J+1 ) (see 1)4.50)1 ) implies r C C C B^AO). Furthermore, we have 
assumed that m' 7^ 0. Since \m — m'\ = 1 we obtain 



rl-Ea 



< \m'\ < Ni 



(10.73) 



Thus we can define I £ {1, j} to be the minimal integer such that \m'\ < 2Ni is satisfied. Recall 
that 



9 = 9+ < Ui >£ Uil^^Sj/lOO) C U(I^ {0)M , St/10). 
Applying induction statement (XS){2>d)i it follows that 

0+< W ,m'>£C\C/(/g (m , )ifc; ,^/lO). 

Note that (fT08|) implies 

I Im(6+ < u,m' >)l < ^ + — p < ^- 

Let 0' £ R satisfy \9+ < lo, m' > -9'\ < 8 j /50. In view of 1)10.751) it is clear that 6' £ R \ J ( 
Using 

J C s (m'),fc s C J C s _i(m'),fc s -i IOT Z - S - J - 



(10.74) 



(10.75) 



(10.76) 

(0 

Ci{m'),h' 



(10.77) 



we obtain that 



\ I (0 



\ U I I ( J (s_1) \ 7 



s=2 



?(«-!) 



f(«) 

L Cs{m'),k, 



(10.78) 
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Since the definition of T\ (|1U.71|) implies that m ^T s for 2 < s < j, it follows from (|1U.70() that 

(10-79) 

and consequently 

0+ < Uim > >G [/ (M\i^ (m0)fcl ,^) . (10.80) 

Since 5j < 5i induction statement (T5)(4)i (k = k±, C = Ci{m')) implies 

\V(9+ <uj,m' >,oo)(m-m')\>^-. (10.81) 

Since < m',g >= we have dySi/2 < \V(9+ < u),m' >,uj)(m — m')\ = \V(9,u>)(m)\. 
Case 3: m G Eq n Ti and m' = 0. 

Since m — m' G S and m G C we have m £ 5nC. Write m = ^ej, where fi G {±1} and 
2 G {1, . . . , u}. We will show by contradiction that 

\V(9,u)(m)\ = 1^(^ + 0)1 > (10.82) 

Assume \ Vi(nui + 0)\ < d v 5\/2. Proposition HO fa) together with (fHBJ)) imply that either (|10.83j) 
or ()10.84|) below must hold. 

dist(/^ + 9, {ywf ] } + 2vrZ) < -j-. (10.83) 
dist(/uwi + 9, {-fJtwf'} + 2vrZ) < -j-. (10.84) 



Using furthermore that \u)i -uj\ > \ < 2pi < St/2 (see (110.101) ) we learn that either (jl().85j) or (110.861) 
below is true. 

dist(6», 2vrZ) < 6 1 . (10.85) 

dist(0, {-2/iwf 5 } + 2vrZ) < <5i. (10.86) 

Suppose (|10.85|) holds, then we are in Case / (cf. (jl0.60j0 and by (|10.61j) we have SdC = S. Since 
m £ S D C (see beginning of proof of case 3) this contradicts m£TiCT = C\ S. On the other 
hand, assuming the validity of (|10.86|) . we have Case JJj if [i = — 1 and Case I Hi if /i = 1. In 
either of these cases we learn from the definition (jlU.61f) that m G S, contradicting the assumption 
m G Ti. Hence we have arrived at a contradiction and (|10.82j) holds, completing the proof of (a). 

79 



Proof of ((5): Obvious from ()10.70j) and \m — m'\ = 1. 

Proof of (j): Let m E Ti for 2 < I < j. Recall that Ci(m') G C^K Furthermore 



(0+ < u, m> >, A) € V [ \ ! oU >kl - S ) X U (^h)'Pi 



(i) 



Si 



10 



(10.87) 



The induction statement (IS)(4)i then implies the existence of G^, m ,^(9+ < to,m' >, A) which is 
the inverse of the matrix T^,,JQ+ < u,m' >, A) if (9+ < u,m' >, A) ^ %Ci{pi')- Using proposition 
119, 181 and < m',g >= we obtain 



G 



C;(m')+{m'} ) A ) 



<M,. 



(10.88) 



In view of proposition 124. ill claim (7) follows, if we can show that 



(T( j+1) (6,\)-TV\9,\))\ Ct{m , )+{m , } 



(10.89) 



Estimate l)10.89jl is a consequence of 1)10.66 Jl . lemma H8.ll induction statements (lS)(ld) s for 
Ks<j + 1, CEO and flirm 



^ +1 )(0,A)-T«(0,A))| Ci(mO+{m , } 



< ||W(^(a) +^+i(A)) - W(^(a) +^(A))||i, c 

< £V||u,- +1 (A) -vj(A)[| 1)C 

i+i 

< IV IK(A) - « s -i(A)||i )C 

s=i+l 

< D W J2 

S>1 + 1 



--N c „ 



2M Z 



10.1.3 Construction of G^' +1) (6, A) 

Proposition 10.90 There exists an analytic map (0,X) G^ +1 \9,X) which is defined for 
(M) G [/(I^.^/lOO) x XHB^xty^pj/A) such that 



4' +1) (M) 



< 



AD'fjMj for (9, A) G U 5, /10Q) x l/(B Pj (Aj^), ft/4). (10.91) 



(Tj + l,C 



Moreover, /or (0, A) G t/(/^? fc/ , ^/100) x U(B pj (\$), pj/4) \ Z v the matrix G^ 1 '{9,X) is the 
inverse of T^ +1 ^ (9, X). 



.0+1), 
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Remark 10.92 Recall from remark \l (J. 6°A that the set S and hence V depend on the variable 9, 
casting some doubt on the analyticity of Gp . However, it follows from the definition of the 
different cases H10.6U\) and from induction statements (IS)(3a)i<i<j that T is constant on connected 
components of U(Iq) k ,,5j/W0) resolving the issue. 

Proof. In order to prove proposition I1U.901 we apply the coupling lemma 00. II Assume first that 
(6, A) ^ Zr- In the notation of lemma 120, II 

a = r, 

T = T^ +1 \0, X) = D + R, where by (tTTTTl) 

D(m,n) = V(6,u)(m)6 m , n , (10.93) 

R(m,n) = DW(tp(a) + Vj + i(X))(m, n), 

(7 = 1, 

Next we define the quantities l n , fj, n , C n and U n for each n £ T. By definition (jl0,71|) we have T = 
(Ji=i r a . Therefore we can pick for every n £ T a (not necessarily unique) integer s n 6 {1, . . . , j} 
such that n S T Sn . In the case s n = 1 we set 

Z n :=l, Mn :=0, C n :=^, U(n):={n}. (10.94) 

If 2 < s n < j it follows from definition (|1U.70|) that n £ Eq and therefore there exists an unique 
n' € 7L V satisfying < n', g >= and n — n' S S. We set 

l n := AT s „_i - 1, ^ := (7 Sn - a j+1 , C n :=2D N M Sn , U {n) := C Sn {n') + {n'} . (10.95) 

From (|1U.66|) and lemma fl8. II we obtain 

||-R||l,c < 8evD w D NPl . (10.96) 

Next we verify conditions (|2tT3|) - (f^UT^) of lemma EDTTl 
Case s n = 1; The set J7(n) contains the single point n and 

\D(n,n) + R(n in )\> d ^-\\R\W> d ^ 

by statement (a) in section [TITO (jl0.13|) and p».96|) . Hence (f20~3)) is satisfied. Condition (j20~ij) 
is obvious and condition (|2U.5f) follows again from (jlU.13f) and (|1U.96|) . 
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Case 2 < s n < j: Condition (|20.3|) is satisfied by statement (7) in section 110.1.21 and (J20.4|) 
follows from the definition of C Sn (n') (cf. ()10.68|) ) and \n — n'\ = 1. Note in particular that by 
definition (|10.70|) we have \n'\ > 2N Sn -i which guarantees that C Sn {n') + {n'} is not only a subset 
of C but also a subset of T. Finally, condition (f20~5j) is satisfied by (|10.96|) . (|10.16j) and (|1U.14|) (see 
also (|4.7l0 . Hence lemma 1^0. II can be applied and we obtain 



T^ +1) ) _1 (^A) i 

<?j + l,C 

K?) x . /innA sx tt( r f\U) 



£ 21) x max f 2D N M j 



for (0,A) e f7(/^/ fc „^/100) x U(B p .{X);/),p j /A)\Zr. Keeping $ME$ in mind we obtain (fTTTm 
It remains to extend the inverse of Tp J+1 ^ across the set Zr to a function Gp and to prove the 
analyticity of Gj! ■ The argument, however, is very similar to the one given in the proof of lemma 
19.181 fsee below ()9.57j) ) and we do not repeat it here. □ 

10.1.4 Definition of fc,k' 

Consider the following block decomposition of the matrix Tq*\ 

T^' +1) (M)= I Tr Pl . (10.97) 
V P2 T S ) 

In the case S / we set 

6:=r s -P 2 GrPi. (10.98) 



Remark 10.99 Remark \1U.6^\ shows in particular that T^ +1 \o, A) has no singularities on the 
diagonal. Since R and G^ are analytic functions (see -proposition 1 1 0. .977)) it follows that il<).9S\) 
defines an analytic function b on U(I^) k ,,5j/W0) x U(B Pj (A^?), Pj/4). 

We define 



fc,k'(0,X) ■= { 



detft(M) if 5^0, 
1 if 5 = 0, 



(10.100) 



for (0,A) G U(i^) k/ ,Sj/100) x U(B pj (\%>), pj/A). Note that T c is invertible if 6 is invertible. 
Indeed, in case 6 _1 exists, set 



G 



(i+i) 
c 



G T + G r Pib- 1 P 2 G r -GrPib- 1 
-b- 1 P 2 G T b- 1 



10.101) 



82 



Then G^' +1) is an analytic function on U (1^)^,5^/100) x U(B p .(X$), Pj /A) and 

Gg +1) (M) = (T^ +1) y\e,X) for (M) £ ^- 
In particular, Tc(0,X) is invertible except at the zeros of fc,k'- 

10.2 Estimates on / 

Before we state the result of this section we define a real number 9 L = 6 L {6) depending on the cases 
defined in (tTimil) . 







2uj 



(0) 



-2w. 



(0) 



in case /, 
in case II; 



in case II L 



(10.102) 



Lemma 10.103 Let j > 1. Suppose that the induction statements (IS)i, 1 < I < j and 
are satisfied. For 6 G U(fy) k ,, 5j/100) we se£ 



d=d(0) := #5(5). 



10.104) 



T/ien we can express 



fc,k'(9A)=f(9A)-(q(0,X)+r(9,X)), 
for (M) G (1^,^/100) x U(B p .(\$), Pj /8), where 

g(M) = ([0]-^ + ^aKA)(^-^y, 

|aj(A)| < 2 2i/+1 pi for0<l<d, 
d p ai(X) < 3 3u for0<l<d, |/3| a > 1, 



(10.105) 



c^r(M) < VpL M 0</3< Bo, 
d l3 r(8, X) 



< L>iM 2|/3|l+2i/ /or 1 < /3 < S . 



(10.106) 
(10.107) 

(10.108) 
(10.109) 
(10.110) 
(10.111) 



ITie functions f , r and a; are analytic functions in their respective domain of definition. Further- 
more, di(X), r(9,X) are real if all the components of the vector (6,X) are real. 
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Remark 10.112 Recall from remark that d(9) is constant on connected components of 

U(I%) k „ 6 j /WO). In the case that d{6) = 0, the statement of lemma MO. 10,H is trivially satisfied 
with f = 1, q = 1 and r = 0. Therefore we will assume throughout the remainder of section VlU.IA 
that 5/0. 

10.2.1 Definition of /, q and r 

First we define the decomposition 

D s = DA. (10.113) 
Case I: Let [i G {±1}, i G {1, . . . , u} and fia G S. By proposition 119.11 (b) and l|10,17j) 

D(e,io)(ii ei ) = Viie + iiUi) = V i ^{[9]+ l iuo i ){[9}+^{oo i -ujf ) )). (10.114) 
On S we define the following diagonal matrices 



D(9, A) := diag [V^([9] + M ^)J , (10.115) 
A(0, A) := diag ([9] + Ufa - J 0) j) , (10.116) 



which clearly satisfy (|10.113|) . 

Case 11%: Recall that S = {— e{\ since we assumed S / 0. It follows again from proposition 

mm TV). (tnrrTi) that jin.naji holds with 

5(0, A)(-ei, -ej) := V*,+ ([0 - wj), (10.117) 
A(0, A)(-ei, -ei) := ([0] - t ) - (c* - wf). (10.118) 

Case Hli'. Now 5 = {ej}. From proposition ll9.1l fb) and (|10.17jl we again obtain (|10.113j) with 

D(9,X)(ei,ei) :=V it -([0 + Wi]), (10.119) 
A(0, X)( ei , ei ) := {[9] - 9 L ) + (t* - } ). (10.120) 

We express the matrix b defined in (j!0.98|) in the following way. 

b = Ds + Rs-P2GtPi = d(k + D- 1 {Rs-P 2 G t P 1i 



= D(A + R), with (10.121) 
R := D- 1 (R s -P 2 G r Pi). (10.122) 
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It is clear that the following definitions yield relation (|1U.1U5|) . 

/ := detD, (10.123) 
q : = detA, (10.124) 
r := det(A + ,R) -detA. (10.125) 

The following estimates are consequences of the above definitions, l|K),18j) and proposition ll9.1l fb). 

For m S S 

d@A(9, X)(m,m) < 1 for > 0, (10.126) 
d (3 D- 1 (9,X)(m,m) < D v for < |/3|i < B . (10.127) 

10.2.2 Proof of properties (|10.106j) (I10.109|) for / and q 

Estimate ()10.106j) follows from l[TO]l . (|10.123j) . the definition of D and the fact that 1 < d < 2v. 
It is clear from the definition that the function q can be written in form (|1U. 107|) . Moreover, it is 
elementary to verify estimates (|10.108|) . (|10.109j) for the coefficients a/(A) from \uj — uj^\ < 2p\ < 1 
(see 1)10.18(1 ) and using the Leibniz rule. The analyticity of /, q and r as well as the realness of 
o/ and r follow immediately from (T5)(16)j+i and {XS){\g)jj r \. To complete the proof of lemma 
IK). KM we still need to verify (|K).1K)|) and (|l().lllj) which will be done in section lKT2~Kl 

10.2.3 Estimates on R 

Proposition 10.128 Let j > 1. Suppose that the induction statements (TS)i, 1 < / < j and 
(TS)(l)j + i are satisfied. For 1 < \f3\i < Bq and A G U(B Pj (\ff), pj /4) we obtain 

\\R{X)\\i,c < 8euD w D NPl < < 1, (10.129) 
||^fl(A)||i jC < No pm \ (10.130) 

Proof. Estimate (|10.129jl follows from lemma [THTTT (|10.66|) . and (j!0.13|) . Assume now 1 < \f3\i < 

Bq. Recall that the matrix R(\) is given by 

R(X)(m, n) = Y,P a P (<P(a) + ^+i(^))* (P_1) ( m ~ n ) (10.131) 

p>2 
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(see (|10.ip . (|18.4[l ). Using corollary 124.81 we obtain the following formula for the derivatives of R: 

1/3,1 1 fll 

(dPR)v = E i R ■ R , D p+1 W(<p + v j+1 )[d^(< P + v j+1 ),...,dP*(<p + v j+1 ),y]. 

p. p\.---p p . 

P 1 /3l + ... +/3p = / 3 
ft + for 1 < i < p 

(10.132) 

It follows from the definition of ip (|3.9|) . from the induction statements (Z<S)(le)2<Kj+i an d from 
(tTTOj) - (HUSH) that for 1 < \j3\x < B , A G U(B p .(\ff), pj/4) 

j'+i 

||^( V (a) + t; i+ i(A))||i >c < ||aM«)l|i,c + Ell^^-^-i)( A )H^ 

< 2iP ive + iiV ^ (l/3|l - - 5) +^ e -^- 2 

< ^(l^li- - 5 ). (10.133) 
Estimate (|10.13U|) is then a consequence of (|1U.19|) . lemma 115711 proposition 124.51 and (|l(J.23f) . □ 

10.2.4 Estimates on Gr 

Recall the definitions of Dip and g in (|4~2"9~|) and (|4~TH)) . 

Lemma 10.134 Let j > 1. Suppose that the induction statements (IS)i, 1 < I < j and (X5)(l) :?+ i 
are satisfied. Recall the definition of G^ +1 ^ in vrovosition MU.yTH For all < < -£>0j A) G 
C/(J^ )fe ,,^/100) x U(B p .(X^),pj/8) and m, neT we have 

d P G { i +1 \e,\){m,n) u» 1/4 , c (m-n) < £>i i3 M 2 ^ |l+1 (l + |n|) 9(2| ^ |l+1) . (10.135) 

Recall from section 110.1.31 that Gr was constructed via the coupling lemma 120.11 from the 
collection of local inverse matrices G^~\ , n G T. Before we prove lemma HO. 1341 we first provide 
estimates on the derivatives of the matrices Gu^ = G^~^ . 

Proposition 10.136 Suppose that the assumptions of lemma \lU. 1 3J\ hold. Letn G T\ (cf. \1U. ). 
Then 

\\d P G u{n) \\ hc < D^M^ + \l + | n |)(^+D(l/J|x+i) (10.137) 
for (0, A) G U(B p .(\$), Pj /8), < 1 < Bo (cf. (£FI{» . 
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Proof. ( Proposition \lU.13b}) . 
Recall that for n £ Ti we have defined U{n) = {n}. The entry of the corresponding matrix T[/( n ) 
can be written in the form 



Gu(n)(n,n) = {T u{n) ) 1 (n,n) = — , 

9n 



(10.138) 



where 



/n(M) := 

g n (e,x) ■-- 



4 sin 



2 <0J,n>+6 



if < n,g > = 0, 
if < n,g 0, 



,2 <u),n>+b 



<n,g > 2 7 2 if <n,g 0. 



Qi + R(X)(n, n) 
(«! + R(X)(n, n))4sin 

Estimates on f n : Using 2 sin 2 x = 1 — cos(2x) it is easy to verify that 



if < n,g >= 0, 



10.139) 



10.140) 



ffn(e,X)\ <4(l + |n|)l^ 1 

for all multi-indices (3. 

Estimates on derivatives of g n : We will show that for 1 < < Bq 



10.141) 



d g n (0,X) < (2Ar )^l^li(l + |rz|) 



(10.142) 



Indeed, it follows from (110.129^ . (I1().13()|l . (|10.141H . (I10.24|l . (|10.25|) and the product rule that 

< uj.n > +6>" 



sin 







N^ Ml A(l + \n\)\^ 



< ( Ql + 1)4(1 + |n|)^ 1 + ^ . , 

0<a</3 \ « 

< 2l /3 l 1+2 iV ( f pl/3|l (l + H)^ 1 < (2N ) E "^(1 + H)^ 1 . 



Note that this calculation contains a proof of (|10, 142(1 in both cases <n,g >= and < n,g >^ 0. 
Lower bound on \g n \: We shall prove that 

7 2 dvSo 



\9n(0,X)\ > 



-(l + H 



10.143) 



4ai 4 

Suppose first that < n,g >= 0. In this case (jlO. 143(1 simply follows from (jl0.26|) . j 2 < a\ (see 
assumption A2) and from 

dyb~\ dvd~o 



\R(X)(n,n)\ < 



< 



see (fT7n^j) l . 



10.144) 
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Assume < n,g >^ 0. We introduce the following auxiliary notation 

2 < to, n > +6 



We will show below that 



x 

y 
v 



< n,g > 2 7 2 . 



4sim 



«i + R(X)(n, n), 



d v S 



(i + H 



\V(6,u)(n)+R{X)(n,n)\ > r\. 



Suppose 1)10.145)1 holds. Then 



1 

\y\ 



i + 



< n,g > 2 7 2 



yx— < n,g > 2 7 2 



< 



Note that (|lU.26j) and ljlU.144j) imply 77 < y < 2ai. Thus 

<n,g> 2 7 2 < l + l <2 H 
\yx— < n,g > 2 7 2 | — rj 77 



implying 



\g n {6,\)\ = \yx- <n,g> 7 > 7 — > - — 77. 

2y 4ai 

Hence the proof of (|10.143|) is complete once we have verified (|10. 145)1 . 
Proof of {10. 145)) : Recall from statement (a) in section flU.1.21 that 

for all n G Ti. Therefore ()1U.144() implies 



\V(0,uj)(n) + R(\)(n,n)\ > 



dvo~i 



(10.145) 



(10.146) 



Since (1 + Inl) - ^ < 5\ for all \n\ > N\ (see (|4.47|l ). we may assume that \n\ < Ni (in addition 
to the already present assumptions that n £ Ti and < n,g >^ 0). We distinguish the cases 
I < n,g > I > v and < | < n, g > | < v. In the first case we observe that the imaginary part 
of < uj, n > +6 is bounded by v2p x Ni + <5i/100 < 5i (use (|l().27j) ) and thus (|l().145j) follows from 
()10.28|) and (|10.144j) . Consider now | < n, g >= i\ for i £ {1, . . . , 1/}. In this case 



V{6,u)(n) = Vi{9+ < to,n >). 



10.147) 



S8 



Observe that (|1U.27|) together with |n| < N\ implies 



Next we prove 



< u, n > - < Lu(°\n > | < -j . (10.148) 



\V(e,u)(n)\>^(l + \n\)-\ (10.149) 



We need to distinguish the 2^ + 1 cases /, II p and III p (see (jl0.60(0 . 

Case I: Since nGFiCr = C\ 5we have n ± / 0. Therefore (|10.148() . ()10.60j) . assumption 
A3, HI and (1110171) yield 

dist(0+<a;,n>,{±^ {O) } + 27rZ) > * - -fr - Hfr 
V / |n=Fej| r ^ 100 

> f > 5o 



2(1 + |n|)^ 2(l + |n|) T 
Estimate (|10.149j) then follows from (jlU.147|) . proposition HO and (|10.31|) . 

Case Up/ We first establish that n + 2e p =F &i 7^ 0- I n fact, assume that n + 2e p =F = 0. 
Since | < n, g > | = i, and p G {1, . . . , v} this implies that p = i and n = — ej. This, however, 
contradicts the fact that n ^ S (since n £ T\). Therefore (|10.148l) . (|10.60|) . assumption A3, Q1U.29JI . 
\n\ + 3 < 2(1 + \n\) and (110.30)1 imply 

dist (e+ <uj,n>, {±^ 0) } + 2vrz) 

> dist (0+ < J°\n =F + 2e p >, {2^ 0) } + 2vrz) - -Si 

s 1 101 . 

> : : Ol Ol 

~~ \n=fei + 2e p \ T 2 100 

> f > * . 

- 2(3 + |n|) 7 - 2(l + |n|) r 

Estimate (|10.149j) then follows from (|10.147j) . proposition H!H1 and (|10.31|) . 

Case III p : We first establish that n — 2e p =p e^ ^ 0. Assume that n — 2e p =F e^ = 0. Since 

| < n, g > | = i, and p £ {1, . . . , v\ this implies that p = i and n = e^. This, however, contradicts 

n £ S. Therefore (110.1481) . (tTTTnTJ]) . assumption A3, (fTTT^TTT) . |n| + 3 < 2(1 + |n|) and (tTIHnj) imply 

dist ^+ < u,n >,{±ujf )) } + 2vrz) 

> dist (e+ < uj {0 \n=fei - 2e p >, {-2^ 0) } + 2vrZ) - -d~i 

s l t 101 t 

> 1 : Ol Ol 

~ \n=fei- 2e p \ T 2 100 

S <5n 

> i — tt — > 



2(3 + |n|) T 2(l + \n\Y 
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Estimate (|10.149j) again follows from (|10.147|) . proposition IHH1 and l)10.31j) . 

Thus we have established (|10.149j) in all cases. Together with the estimate (|10.146jl we obtain 

dy5\ dySo 



\V(9,uj)(n)\ > max 



:i + ini)- r 



On the other hand (|l(J.144j) implies 



|^(A)(n,n)|<Imax(^,^(l + |n| 



The last two inequalities together with H10.32j) prove (|10. 145(1 . also in the case \n\ < N±. The proof 
of (|10.145[) is complete. We have so far established estimates (|10.141|) - (|10.143|) on the functions 
f n and g n . We use them to complete the proof of proposition 111), 13o1 
Applying corollary 124.101 (b) for the derivatives of quotients yields 

s E E 



q/3 1 fn 



9n 



p=l 



\d^f n \\9n\- p \d^9n\.--\d^g ri 



fh + ... + f3 p = {3 
p r ^ for 2 < r < p 



for \(3\i > 0. Using proposition 12431 and estimates (jl0.141|) . (jl0.142|) and (j!0.143j) we obtain with 



(l4~271) 



qP I fn 
9n 



p=i 



«V7 2 #0 



< ^i,i(^(i + H)^ +1 



l/3|i+l 



for < < B . Proposition ll(). I'M now follows from (110.3^1) . 
□ 

Next we investigate G^'^P for n G T;, 2 < I < j. Recall that (jl0.70j) . (jl0.69|) imply that there 
exists a (unique) n' G 7L V with n — n' £ S and < ra', g >= 0. 



Proposition 10.150 Suppose that the assumptions of lemma \l(J.134\ hold. Let n 6 Ti, 2 < I < j . 

Then 



< D 1)2 M 



(1 + H) 



10.151) 



/or < |/3|i < So and (6*, A) G U(B Pj (\%>), Pj /8). 
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Proof. (Provosition MO. 150\) . By continuity it suffices to prove estimate (|10.151j) for (0, A) G 
U(B Pj (X$),Pj/8) \ Z u{n) . Let n G T;, 2 < ! < j. Recall from (011951 that I7(n) = Ci(n') + {n'}. 
Applying Cauchy's integral formula to induction statement (IS) (4); we obtain 



8"Gg; ( „,,(«,A) 



I /3a I 



10.152) 



for all (M) G ^g^,^ \/g (n , )A ,^/20) x U(B pi (X^), pi/2) and > 0. Observe that 
< >= 0. Proposition 119. lHl implies 



G 



S(nO + K}^' A ) = G Q(n ^+<^^>' A )- 



10.153) 



By the definition of T t (see (fTTTffl^ we have 0+ < u,n' >G ^(^ , fci _ 1 \ 4?(n'),V ^/ 20 )" 
Furthermore A G U(B Pj (Ajr/), Pj/8) C U(B Pl (A^ ), Pi/2). Applying the chain rule we obtain from 
CEEMj) and (fTOl) that for |/3|i > 



^g (n , )+{ „, } (M) 



„20 2\ 
n'- + - 

*i Pi/ 

1 -iLsii 



\Pxh 



(i + H)- 

pi. 



(10.154) 



< |^|i!M, 

Finally, in view of proposition I24.1T1 we need to estimate the derivatives of X := T^ +1 ) — T®. To 
this end set for I < p < j 



X p := T (p+1) -T {p) = DW{(p + v p+ i) -DW(<p + 



(10.155) 



D W(cp + v p + t(vp+i - v p ))dt (vp+i - v p ). 



Note that X p does not depend on 9. It follows from induction statement (IS)(lb), (Id), p > 2 and 
lemma ll8.il that X p is analytic on U(Af^ p \ p p /4) and 



\X p (X)\\ liC <D w e-^ 



Applying Cauchy's integral formula and (|10.35j) we conclude for A G U(B p .(X^)),pj/8) C 
U(B Pp (X^),p p /8), I < p < j, and < \/3\i < B that 



||^X(A)|| l!C <^||a%(A)|| 1)C <e-^ 
P =i 



JVC 

16 JV i-l 



Estimate (j!0.36j) allows the application of proposition 124.111 yielding 

\/3U /l/3|i+l 



a/3G C ; |n')+{n'}( 6 '' A ) 



< 2B \Mi 



°"z,c 



(l + |n| 



Pl\ 



P =i 



(10.156) 
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for < |/3|i < B . Finally, statement (/3) in section 1111X21 implies |n| > 2N t -i. Thus by ((OH) 

Em BM 



1 

Pi 

Mi 



\AE a 



JVf " < (1 + |n| 
iVf M < (l + |n|) A£M . 



The definition of g (j4.18|) , proposition 110.1501 now follows from (jl().15(i|) and from the choice of the 
constant D lt2 in (JP%|) . □ 

Before proving lemma HO. 1341 we need one more proposition. 

Proposition 10.157 Let w, y > 0, t > 1. Then 



(t + y) w e-^ yC < t w ( max(l + y^e"^ . 



The proof of this proposition is trivial and is based on the simple observation that (t + y) w < 
t w (l + y) w for t>l,y,w>0. 
Proof. {Lemma \lU.l'J4\ . 

We have used the coupling lemma 120.11 to construct Gr from the collection of local inverse 
matrices G^tV , n 6 T. By ((27171) . (EEUJ, PHTT) 



where for m, n 6 T 



g^ +1 ) = g(i + it 1 



(10.158) 



G(m, n) 



G%$(m,n) if meU(n), 
else , 



Y(m, n) = < 



else . 

It follows from propositions 110.1361 110.1501 and (|10.37|) that for D : = max(Di i, D\p) and n £ V 

\d p G{m,n) w 1/2>c (m-n) < DM l Pll+ \l + |n|)^^ 1+1 ^ (10.159) 

mer 

for < \f3 1 1 < -Bo- Next we estimate the derivatives of the matrix Y up to order < < Bq. To 
that end recall ||fl^i2||i, c < N®" 1 ® 1 < M ] f h from proposition MUM and (fTTOHl) . Using in addition 
((10.1591) we obtain for n £ T, m G T \ C/(n) 

d^Y(m,n) wi/2, c ( m ~ n ) 
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s E E 

a</3p<=U(n) 



P 

a 
P 



a R(m,p) Wi/2^ c (m — p) d a G(p,n) W\/2,cip~ n ) 



s E E 

a<Pp€U(n) \ a 



M, 



d a G(p,n) w 1/2tC (p-n) 



P 
a 



DM l ah+ \l + \n\) q( -\ a ^Mjf 



a</3 

< D(2M ) l/3|l+1 (l + |n|) 9(l/3|l+1) . 



-ah 



(10.160) 



Differentiating 1)10.1581) (see corollary ESDI (b)) we obtain 



gPdU+i) = j2 (-if- 1 v 
p=l 



p\ 



Pl\...p p \ 



{d^G){\ + Y)- x {dP*Y) . . . (1 + F) _1 .(10.161) 



f3 r for 2 < r < p 



Furthermore, (I10.159[) . (Il0.l60l) . ||(1 + E) _1 ||i/2, C < 2D N (cf. GD2D ) and lemma EH imply for 
1 < P < + 1, ft + • • • + P P = P, Pr + for 2 < r < p 

(m, n) Wi/4 jC (m — n) 

< w V 4c(— -) e (2P W )^(2M,)i^^ < i+ '^'';' lft ' i+1 '^' i+ 'f-'')''^'; +1) 

Wl ...,S- 1 er ^Acim-Wl-Wltep-i-n) 

^i/4, c (m - n) 



< (2D N D)P(2M ) 



\Ph+p 



E 



cr W/4,c0n - 2/1 ) • • • w 1/4:C (y 2p -i - n) 
(l + |y 1 |)5(l/»i|i+ 1 )...(l + |ya p _ 1 |)9(IA'U+ 1 ) > \ 



< (2AvD)^ 1+1 (2M ) 



C4 



l/3|i+V9A#^2|/3|i+l 



|(|m-yi| c +...+|j/2 P -l-n| c ) 



max 
3/i,...,j/2 P -ier 



(1 + M)^ 1+1 ) . . . (1 + |y 2p -i|) 9(l ^ |l+1) ' 



e \(\ m -yi\ c +---+\y2 P -i-n\ c ) J 

(10.162) 

Denote by MAX the maximum which appears in the previous line (|10.162j) . We claim 

MAX < (1 + |n|)«( 2 ^l 1+1 ) fmax(l + y )ii 2 \P\^) e -\v c \ . (10.163) 

V s/>° / 

Indeed, since T is finite, the maximum is achieved, say at lattice points y*, . . . , yf p _i G T. Set 

A := max{|y*|, . . . , |y<L-il}- ^ n case ^ — l n l estimate (|10.163[1 is obvious. If A > |n| we see that 

MAX is bounded by 

(1 + A )g(2|/3| 1+ i) e -i(A-M) c _ 
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Using proposition I10.1F71 with w = g(2|/3|i + 1), y = A — \n\ and t = 1 + |n| we conclude that 
(IIQ.Iti.'-ijl is satisfied. Using (IIQ.Itil)) . (I10.162|) . (|10.16:-il) . proposition [SO and lfQ9l we have finally 
proved lemma HO. 1341 □ 

Corollary 10.164 Let j > 1. Suppose that the induction statements (IS)i, 1 < Z < j and 
(X5)(l)j + i are satisfied. Then the matrix valued function b defined in 110. 98\) is analytic on 
U (I q) k ,,5j /WO) x U(B Pj (A^, ), Pj/8) and the entries of b are uniformly bounded by 



\b(0,X)(m,n)\ <2(D V + 1)5 1 form,neS. 



(10.165) 



Proof. The analyticity of b was already stated in remark I1U.99I By definition 

b(m,n) = V(9,u)(rn)5 m>n + R(m,n) - ^ R(m, y 1 )G^ +l \y 1 , y 2 )R(y 2 , ' 

= I + 11 + III. (10.166) 



, n 



It follows from remark 110.621 that |7| < 2Dy5\. Furthermore estimate ()10.129|) together with 
conditions (|1U.41|) and (|10.42j) imply \II\ < 5 1 . Finally, by lemma HITTMl proposition 110.1281 
lemma EH and (ll().41l) - (|10.4^I) 



\III\ < Yl \R(rn,y 1 )G < f> +1 \y 1 ,y 2 )R(y 2 ,n)\ 

(l + \y 2 \) q e-i^~< 



< 5f D ^M 



wi c {m - yx)wi c (yi - y 2 )wi c (y 2 - n) 



< StD lt3 M max (1 + \y 2 \) q e~^ y2 - nl ' 
3/2 er L 



<<5i- 



(10.167) 
(10.168) 



10.2.5 Estimates on R 



Recall the definition of R in (110.1 2^ . 



Proposition 10.169 Let j > 1. Suppose that the induction statements (IS)i, 1 < / < j and 
(lS)(l) j+1 are satisfied. Then for all < \/3\x < B , (6,\) G U(I { J) k ,, 5 j/100) x U(B p . (xffl), pj/8) 
and n, m £ S 



d 13 ' R{n, m) 
dgR(n, m) 



, 3/4 
< Pi ■ 



2|/3|i+l 



(10.170) 
(10.171) 



94 



Proof. The product rule implies 
d^R{m,n) = f ^ I (d a D- 1 )(m,m)(d l3 - a R)(m,n) (10.172) 

a</3 \ a J 

E ^^(5 Ql ^- 1 )(m,m)(^i?)(m,y 1 )(^4 J+1) )(y 1 ,y 2 )(9 Q ^)(y 2 ,n) 
^— ' ai!...a4! 

ai + ■ ■ • + 014 = f3 

m,y2 e r 
= S\ — S2 

It follows from l|10.127f) . proposition 1110551 and (1TTH31 that 

I Si I < 2 mi D v N^ pmi < 2^D V M^\ (10.173) 
Using in addition 1)10. 135|) . lemma 15. 161 and proposition 124.51 

< D V D 1 3 4^ 1 M 2|/3|l+1 ( max(l + y )^li+i) e -^-H^ . (10.174) 

V s/>° / 

Claim (110.1701) follows from (I10.172J) . (110.1731) . (110.1741) and (IO0l . 

The proof of claim (jlU. 171|) is similar but easier since the matrix R does not depend on 9. 
Indeed, 

d%R(m,n) = (d^D- 1 )(m,m)R(m,n) (10.175) 
E [j (d^D- 1 )(m,m)R(m,y l )(d^ a G^ +1 % l ,y 2 )R(y 2 ,n) 

a<p V a I 

2/1,3/2 6 r 
= 5i — S2 

Using similar estimates as above it follows that 

I Si I < D v 8evD w D N pi (10.176) 

and 

\S 2 \ < 2^ 1 D v (8euD w D NPl fD l3 Mo mi+1 ( max(l + y)^^ e'^- 1 ^) . (10.177) 

V y>° J 

Claim (tTTTTTTl) follows from (fTTTT7H|) . (tHHTBT) . ltT0~T77l) . and fTTTT^ . |H. 

□ 
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10.2.6 Completion of the proof of lemma [10.1031 

Recall that we have already proved lemma HO. 1031 in subsections I1U.27T1 and ITU.2.21 except for esti- 
mates (jlO.llOJ) and (jlO.lllf) We will complete the proof by showing 



dlr{e,X) < L>i, 5 pr, (10.178) 
8^(6, X) < £>iM 2|/3|l+21 ' (10.179) 

for all < < B and (9,X) G U(I^ k ,, ^/100) x U(B pj (X$), Pj /8) and by using (tlTHCl . 
The function r was defined in (|1U. 125(1 . The proof of (|1U. 178(1 and ((10.179(1 is a straight forward 
calculation. Indeed, using the representation of the determinant as a sum of products of the entries 
and the fact that A is a diagonal matrix, we can write 

d 

r= ^II a v" (10.180) 

a-es 1=1 

where d denotes the cardinality of the singular set S (d < 2v), £ contains less than 2 d (d\) elements, 
aj >(7 denotes (up to a sign) an entry of either A or R and for each a G £ at least one of the terms 
ai, a , 1 < i < d is an entry of -R. Representation ((1U.18U() . together with ()10.170|) . ((10.171(1 . ((10.126(1 . 
(5321 , (BSH) yield estimates (110.179(1 and (|1().17^|) . 

10.3 Proof of lemma fl0.57l — Application of the Weierstrass Preparation The- 
orem 

Proof. Let $ G Define 5 as in ((10.61(1 . where 9 is replaced by $ in order to determine the 

case in (jlU.60f) . Suppose first that S = 0. Then statement A of lemma Hi). 57! holds by proposition 
I10.90l fcf, remark TlU.92() and ((1U.49() . For the remainder of the proof we assume that S ^ 0. Define 
q and r through lemma H0.1U3I by writing 

fc,k'(0, A) = f{9, \)(q(0, A) + r(6, A)), (10.181) 

such that ((10.106(1 - 1(10. 111(1 are satisfied. We apply the Weierstrass preparation theorem in the 
form of lemma 121.41 to the function 

f(z, A) := q(z + ■!?, A) + r(z + 0, A). (10.182) 

In the notation of lemma Ol. 41 we set d = #5, 5 = 5j/100, p = 2pj, e = ■ s f P \, B\, B2 as in ((4.20(1 . 
Km . C* = DiM^ Ba+u \ C = 30C* J Bi!2 Bl , A = A<~ i+a5) . 
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3/ 4 



Assumptions (f2"H)j) - (|21.11j) of lemma I2l~4l are satisfied by (|lU.45j) - (|fU.48j) . The analyticity 
of / as defined in (|1 0.1 8211 follows from lemma TUTTM since G I^,, A^ +0 5) G B Pj (X { ^) and 
2/5j < Pj/4 by H1U.49|) . Furthermore / is of the form 1)21. 12|) . where (|21.15|) follows from (jlU.HU)) . 
(liO.lill) and (tTTlUl . To verify (|2TT31) and (|2TT4l observe that 

^ + tf,A) = (z + (tf-#J) d + £ ai(\)(z + (# - e L )) 1 = z d + ai(X)z\ 

0<Kd 0<l«l 

with 



ai(X) 



r-l 



for < / < d. 



l<r<d 



Since i? G jg/^ the definition of L implies |0 - 9 L \ < h < § (see also (fTTD^ . Using (Il0.l08jl . 
(Ii().l()9l) . (tTTHOl and (tTTHTj) we obtain for < I < d 



a l (X)\<2^5 1 + 2^ Pl <-. 



and 



3% (A) < 3 3u 2 2u < 2 8u < 2 Bl < C. 

The hypothesis of lemma 121.41 are therefore satisfied and we obtain functions Q and 6j satisfying 
(t2TTK|) - (HOOD . Set 

i=0 



Statement (a) is then trivially satisfied. Statements (c) - (e) follow from ()21,18j) - (|21.2Uj) and 
(^nnj. Claim (f) is certainly true in the case d = 1 and follows for d > 2 from (|21.18j) and (|1().52|) 
via 



k=l v 7 



It remains to prove (b). It follows from (llO.MI) . (llO.l(ffil) . jlO.lKlty . (l2TlT)l) and (t2TT71) that 

1 



\fc,k'(o,\)\>^df\ Pc> ~ k /e-^x)\ 



(10.183) 



for all (6, X) G U($, <5j/400) x C/(A^ +0 ' 5 \ 2yOj). Using the cofactor matrix to represent the inverse 
of b(6, X) we obtain from corollary 111), 1641 



\b-\e,X)\\^ c <dD N e 



(rf-l)![2(£V + l)ft 
l/c,*'(M)l 



(10.184) 
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for all (0,A) G /400) x U(X^ +0 - 5) , 2pj) with fc,k'(0,X) / 0. Using hypothesis (tTU331) one 



k 

arrives at 



for all (9, A) G [/(#, ^/400) x [/(A^' +0 - 5) , 2^) with P c> ' k> #(0-#, A) / 0. Claim (b) then follows from 
dEEDJ, proposition HEIDI and JlH. □ 



10.4 Definition of VO£ ( j +l) 

k 



In this section we again assume that j > 1 and that induction statements (IS)i, 1 < I < j 
(J5)(l) i+ i are satisfied. Let C" G C&') and fc' G Using (tTU31j) and 



jg fe , c (-<Mi) u U([h (0) ] - N 0) ] + *o u U([-h (0) ] - &i, t-H (0) ] + c 

i=l i=i 

r(?) 



(cf. I|6.9|) ) it is clear that we can find a set ®c,k' C i^/ fc/ satisfying 

®C',fc' contains at most J^ -1 elements . (10.185) 

J C',fc' C U ^/sooW- (10-186) 

We are ready to define the set of polynomials VOL- , where we use the notation p Q q 
introduced in section 1^21 definition 123.241 

Definition 10.187 Let k G K^ +0 - 5 l Set k! := vrj j+a5) L For C G C^' +1 ) we define C as in 
\1U.5Hi) . 



VO£ ( j +l) ■= Vl { j +l) U Vll { / +1) U PJj4 i+1) , (10.188) 



where 



PjO+i) . = {( gj o)} withq(9,X) :=6, (10.189) 

:= {(p^^^ec^^ee^}, (10.190) 
: = {(p CliMl ep C2jM2 , [^i - tf 2 ]) : Ci,c 2 g c^+Vi g e C (, fc ^ 2 g e C2ifc ,}. 

(10.191) 



The following proposition is a consequence of lemma llO.571 lemma l23.111 (|4.51j) . (|4.38j) . proposition 
MM (I430|) . and (Il().l85j) . 
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Proposition 10.192 Let j > 1, k € K^ +0 ' 5 ^ and assume that induction statements (IS)i<i<j , 
(J5)(l) i+ i hold. Then VOC^ +1) C VOL and VOC^ +1) contains at most 1 + (2N j ) 2v 5j l + 
{2Nj) Av 5j 2 elements. 

11 Completion of the induction step j — > j + 1 

In this section we will use the polynomials constructed in section^] to define sets K^ +l \ AA J+1 ) 
and such that induction statements (IS)j+i (2) — (4) are satisfied. We first state the estimates 

of lemma li.541 used in this section. 
Estimates of lemma 14.541 used in section lilt 

D K > 2 (11.1) 
40v Pj+1 N j+1 < S j+1 (11.2) 
AuD P {Au 2 N j+1 + %M^ Bo+v) )p J+1 < S j+1 (11.3) 

55i < ^ (11-4) 
Sj+i > sd T , c e~H c (11.5) 
4I^ r M J (l + le^Mj^^f 1 ) < M i+ i (11.6) 

80<5 j+ i < ffj- (11.7) 

Lemma 11.8 Let j > 1. Assume that induction statements (IS)i, 1 < I < j , (2~S)(l)j+\ are 
satisfied. Then there exist sets jf0'+ - 5 ), A^' +1 ) and (/or C G C^' +1 ), fc G K^+V), 

such that induction statements (XS)j+\(2) — (4) are satisfied. 

Proof. We define i^(-?+ - 5 ) to be the set of indices which is generated by the cube decomposition 
of the set into sub-cubes of radius jij (see section 0] J, (jlU.55j) ). We decompose this set 

J\f(j) further into sub-cubes of radius Pj+i (see (jlU.56j) ). generating a set of indices K^ +1 ^ and a 
corresponding set of cube midpoints {A>? : k £ K^ +1 ^}. We obtain 

^ = U B Pj+1 {\<£ +1 \ 
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For k G K(j +1 ) we denote by k := ftj+olk G i^^ +0 - 5 ). Recall the definition of the constant Dk in 
and set 

^(i+i) := J ^O'+i) where ( 1L9 ) 

2JVj<|m|<2JVj + i 

i^O'+i) := {fc e £0+1) : 3(p, 1?) G POC { J +1} with |p([< w£' +1) ,ro >] - 0, a£' +1) )| < Djc^+i 

and |[< 4 J+1) ,m>]-^| < ^}. 

Furthermore, we define 

^ +1) := U *W*? +1) )- 
For C G C^' +1 ), fe G we denote C" as defined in (tTU3%l) . fc := tt^A; and it' := vr] j+1) A:. 

Set 



: = i 9 e J c',k' : 3,9 e C',fe' such that p c ^ exists, |0 - 0| < ^, 



and |p c ,y(e-^Af' +1) )| < <5 J+1 }. (11.11) 

Recall that ^ ^ exists if and only if the set S is not empty. The set S was defined in (|10.61|) . In 
order to determine the case we replace 6 in ()10.60j) by i?. 

We now show that the inductive statements (ZS)j + \(2) — (4) are satisfied. 

(2a)j+i: The statement is obvious from the definition (|11.1U|) of Af^ +1 \ 

(2b) j+1 : Fix k G i^'+ - 5 ). Using definitions (tTTTTUl) . (fTTTTTl) we see 



(Mi) \^+D) n B h (Af °' 5 >) c U U 

2A r i<|m|<2Ar j+1 t6jf (j+l) 



This means that for A G UVO') \A^' +1 )j n (^t^J - there exist with 2A j' < H < 
2N j+1 , k G with Tr^Jfe = fc and (p,0) G such that 

|A-A^' +1) | < (11.12) 

|p([<4 J ' +1) ,m>]-^Ai J+1) )| < D K S j+1 , (11.13) 

|[<w£ +1) ,m>]-0| < ^. (11.14) 
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Recall from proposition 111). 1921 that p £ VOL and therefore the first order derivatives of p are 
bounded by 

\d e p\ < 8v 2 D P , (11.15) 
\d Xi p\ < 2D p M^ Bo+u) (11.16) 

on the set {\9\ < 1/2} x Bp j Using in addition (|11.3|) . induction statement (J5)(26)j +1 

follows, as soon as we have established the estimates 

[<LU,m>}-[<Jj +1 \m>] < 2uN j+lPj+1 < -±. (11.17) 

The latter inequality in (jll,17j) is a consequence of condition (|11.2fl . The first inequality of (jll,17j) 
seems to be a direct consequence of (|11.12JI . However, since the function [•] is discontinuous at 
points with real parts in the set (2Z + l)ir we need to establish that 

dist(tf, (2Z + l)vr) > -j-. (11.18) 

Observe that the definitions of VOC^ and 0^/ + fc V in section "I().4I imply that 

dist(tf, {0} U {±2uf ] : 1 < j < u} U {±2uf }) ± 2cof ] :l<i,j<v} + 2vrZ) < 2<5 X . 

Furthermore, assumption A3 together with (|11.4I) imply that 

dist(< u^\n >, 2vrZ) > 5<5i for all < |n| < 8, 

yielding (|11.18() by contradiction. 

{2c)jj r \: The statement follows from proposition 110.19*2*1 

(3a)j + i: The statement is an immediate consequence of definition (jll.ll*) . 

(36) J+ i: Let A G U{M {j+l \ p j+1 ) and m £ Z u with 2Nj < \m\ < 2N j+1 . Then there exists 

a k e such that A G U 2pj+1 (A^ +1) ). Set A; := Tr^Jfe. Since c (see 

(|l().18Hj> ) the definition of in (fTT"""f|l implies 

|[< J k j+1 \m>}\ >D K 5 j+1 . 
Using in addition that \uj — u>£ \ < 2pj + \ together with (|11.2|) we obtain 
dist(< u,m >,2irZ) = |[< w,m >]| > (D K - l)<5j+i- 
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Statement (36)j+i now follows from and (|11.5|) . 

(3c) i+ i: Let k G K {j+l \ A G U{B Pj+1 (A^ +1) ), pj+i), C G C (i+1) and m G with 2JV,- < 
|m| < 2iV j+ i. From (EXTl) . (tTTHj) . flTTTTl and V11 { J +1) C mc£ +1) (see (JTUJEEJ)) it follows by 
contradiction that 



This implies 



[< W £+^ro >]€(-*, 7r]\J& 



The claim now follows from 1)11.2(1 . 

(3d) j+ i: Proof by contradiction: Let k G K^ +1 \ X G U(B p . +% (Ajjf ' '),Pj+ij 
C 2 G C(-? +1 \ m, n £ with 2^Vj < |n - m| < 2iV j+1 and assume that 



10 



and 



Since ^(J^j, <Ji) C (— 7r,7r) for any C G C^ 1 ) (see (X5)(3a)j=i) we conclude that 

5* 



[0+<",n>] G u(l^, S J±L 



and 



Set k := -ir^ik, k! := rf +L) k and C(, C 2 according to (TTTUiSl) . 



(11.19) 



(11.20) 



G C, d, 



Using statement (f) in lemma IT0.57I and definition (jll.llj) there exist $i G ©c(,fc'> ^2 G ©c*£,fc' 
such that 



PcbA*(P+<">»>]-^*? +1) ) 



11 . 

< jo^i 



(11.21) 
(11.22) 



and \[0+ < u,m >} - < <5i/14, | [<9+ < n >] - i? 2 | < #i/14; here we have used that (JTTT7|) 
yields 5i/20 + <5j+i/10 < 5i/14. Introduce the auxiliary variables 



x := [9+ < u, m >] - i?i , y := [0+ < w, n >] - # 2 - 



We calculate 



x — y = [x — y] = [< lo, m — n > — — #2)] = [< w, m — n >] — — #2], 



(11.23) 
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where the last equality is justified by \x — y\ < 5\/7 and by dist([i?i — #2], (2Z + T)tt) > 5\/2 (see 
CUB) above with 1? = [tfj - a ]). Define 

Since Vlll^ +1) c PO£^ +1) we observe that G PO£[ J+1) . Using the notation of lemma 

l23.11l one obtains 

g(s - y) = y)p Cl ; k . dl fr, X k +1) ) + #2(3, y)p C2> ~ k; ^{y, A^ +1) ). 

From (H2D, GOU), pi.23[) . lemma I2TTT1 lemma ITT7371 B (c) and the definition of D K JOty it 
follows that 

\q([<u,m-n>]-^,X^ +1) )\ < (D K - v 2 D P )5 J+1 . (11.24) 

Repeating the derivation of (|11.17j) in the proof of statement (26)j+i we obtain 

5 

\[<io,m-n>]-[<J k j+1 \m-n>}\ < 4uN j+1 p j+1 < (cf. (fTOl ). (11.25) 

Since \d g q\ < 8is 2 D P (cf. (111.1510 estimates (jll.^j) and (111.2^1) yield 

|g([<4 i+1) 5 ^-«>]-^A^' +1) )| <D K S j+1 . (11.26) 
In addition, (111.231) . ijTOjl . and (1TT71) imply 

I [< cl)^' +1 \ m — n >] — 1? I < \x — y\ + | [< lo, m — n >] — [< uj^ +1 \ m — n >]| 

< ^4. *Z±I < £i 
- 7 10 5 ' 

By definition (|11.9|) we conclude k G K^_^ , contradicting the assumption that k G K^ +l \ 

(4) i+ i: Let fc G C G C^' +1 ). Set k' := ^ j+1) k, k := n^ Q 1] 5 k and define C as in (tTTHHl) . 

Let (0, A) G [/(J^X^fe^^i+i/ 10 ) x U ( B P 1+ A x k +1) )'Pj+i)- Reca11 from the construction of the 
inverse matrix Gq +1 \9, A) in section ^] that we need to distinguish the cases whether the singular 
set S defined in (jlU.61f) is empty or not. If S = then statement A of lemma 110.571 holds and 
estimate (|7.1|) follows from (|10.59[) . I)11.6|) . and (|11.7|) . Assume now that S / 0. There exists 
8 G I ( ^ k , \ satisfying 

|[0] - 9\ < S j+1 /10 < 5j /800 (11.27) 
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(see (HEZJl) and a ■& G 6c",fc' such that |0 - •&] < dj/800 (see (llO.lXKD 'l. Hence 

M-*\<-&o- ( 1L28 ) 

Note that (p c fo,#) G Vll^ +1) C and since £ definition flTTTt implies 

iW^ A *' +1) )i>^+i- 

Using statement B (f) of lemma H . 5 71 and (|11.27[) we conclude 

\pcr k ,M-^ x k +1) )\>^i+i- 

The estimate on the first derivatives of p c ~ k $ with respect to A (see (|11.16[l ). |A — A^ | < 2pj + \ 
and ()11.3[) imply 

bc7,M(^]-^^)l>^+i- ( 1L29 ) 

Statement B (b) of lemma HU. 571 together with ()11.6|) yield the estimate (|7,lj) . It follows from the 
constructions in section E3 that Gq +1 ^ is analytic and represents the inverse of T@ except on 
the set Zq. Realness of the entries of follow from realness of the matrix T^ +1 \ which in 

turn is a consequence of (lS)(lg)j + i and pr op osition 1 1 9 . 1 5l □ 

12 Solution of the V — equation 

In this section we use the induction statements proved in sections El - ^2 to produce a solution of 
the P - equation and to show a few properties of this solution. 
Estimate of lemma [4.541 used in section 1121 

^(ft + l) (E (^) 51+1 < L ( 12 -!) 

Define 

00 

AA°° := p|A^T, (12.2) 

j=l 

v(X) := lim Vj (X) for A G (= B~ (A<°>). see ffflfr ) . (12.3) 

j-*oo 

The existence of the limit v and the proof of theorem 112.41 below is a consequence of the induction 
statements (IS)(l)j>i, (TS)(3b)j>i and of the definition of D3 in ()4.34j) 
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Theorem 12.4 The function 

v:U(B pi (\W), Pl )^X ltC , 
defined in \12. °J\) exists and satisfies 

(a) v is a C°° - function. 

(b) V(v{X), A) = for all A G M°° . 

(c) ||u(A)|| llC < D 3 NZ +1 \a\ 2 for all A G U(B pi (X^ ), Pl ). 

(d) \\dP{ip{a) +v(A))||i, c < DgiVo^^' 1 " 13 /or a" A G l7(B w (A( >),pi) and 1 < <B x + l. 

(e) For all A G U(B pi (A^), p\) the support of v(X) is contained in \ (S U {0}). 

(f) For all A G B(B pi (X^), Pl ) and m G 1? we have v(X)(m) = v(X)(-m) G R. 

(g) Let X = (a,uj) G U(B Pl (X^), pi) with a% = for some 1 < i < v. Then v(X)(m) = 
mi / 0. 

(h) Let X = {a,oj) G AA°° and m£F\ {0}. Then dist(< oj,m>,2irZ) > sd T , c e~^ m \ c . 
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Chapter III 
The Bifurcation Equation 



In this chapter we solve the bifurcation equation (section I13|) , provide lower bounds for the 
measure of the set of non-resonant parameters ( section I14J1 . and prove our main result, theorem 
EH!H in section US 

13 Solution of the Q-equation 

In this section we will first show by a standard implicit function theorem that the bifurcation 
equation (Q - equation) can be solved for to. Observe that the bifurcation is degenerate. However, 
we will use property (g) of the solution of the P - equation (see theorem 112.4(1 to factor out the 
degeneracy. In the remaining part of the section we derive estimates on the derivatives of the 
implicitly defined function uj. 

Estimates of lemma 14.541 used in section 1131 



4!/ 2 fl 4 ,iJV Vi < d v (13.1) 

pi < 6 V (13.2) 

2uD 4 ,iNo"pi < pid v (13.3) 

Theorem 13.4 Assume that v is defined by hl2.'J\) . Then there exists an unique C°° - function 

uj : R u D B Pl (0) -» B Pi (lo {0) ) C R v , (13.5) 

such that for A(a) := (a, w(a)) we have 

C(u(A(a)),A(o)) =0 for alia £ Bp^O). (13.6) 

Furthermore, the derivatives of to up to order B\ can be estimated by 

\d a uj(a)\ < (D 4 NQ lEp \ 2ai 1 for 1 < \a\ x < B x , \a\ < p x . (13.7) 
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The proof of theorem 113.41 proceeds in several steps. In section 113.11 we define a map h : 



£piO {0) ) -> R^ such that h(X) = implies Q(v(X),X) = 0. In section fT3~2l we show h(X^) = 
and the invertibility of the derivative D UJ h(X^). Consequently we can apply the implicit function 
theorem and obtain a function uj defined on some neighborhood -Bp(O) of the origin in W satisfying 



h, uj and their derivatives which imply p > p~\ and the estimate (|13.7() . This proves theorem 113.41 
Moreover, the estimates of proposition ll3.24l will also be used in the subsequent section^lto obtain 
lower bounds on the measure of the set {a : (a,u)(a)) £ AA°°}. 

13.1 Symmetry reductions of the Q-equation 

We define 



hj(a,to) := Q(v(a,u}), (a,uj))(ej) for 1 < j < v . 

Indeed, we know from theorem ll2.4l (a), (f) that all hj are real-valued C°°-functions. Furthermore, 

Q(v(a,u),(a,uj))(e j ) = Q{v(a,uj),{a,uj)){-e j ) for all (a,to) G B pi (X {0) ),l <j<v. 

Therefore it suffices to determine the zeros of h in order to solve the Q-equation. 
Statement (g) of theorem 112.41 implies 



Set aj := a — ajej the vector which equals a except at the j-th component, which is set to be zero. 
Then (|13.9|) and the fundamental theorem of calculus yield 



h(a,u>(a)) = for a £ -Bp(O). We proceed in section ll3.3l to show various estimates for the functions 



h : £ P1 (A (0) ) B (a,u) ^h{a,u) Gl", 



(13.8) 



hj(a,uj) = if aj = 0. 



(13.9) 




(13.10) 



Therefore we can define a C°°-function 



h : B pi (X^) B (cl,uj) ^ h{a,uj) G R' 



V 



(13.11) 




satisfying 



hj(a, u) 



= cijhj(a, uj). 



(13.12) 



Note that the zero-set of h is contained in the zero-set of h. 
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13.2 Towards a solution of the reduced equations 

In this subsection we will show that 



~h(\(°)) = 0, (13.13) 
(A>)(A(°)) is invertible . (13.14) 

It follows then from the implicit function theorem that there exists a p > and a function to such 
that h(a, w(a)) = for all a £ -Bp(O). However, since we need to show that p can be chosen to equal 
pi we will defer the application of the implicit function theorem to section 113.31 (see proposition 
113.241 below) where we provide the necessary estimates on the function h and its derivatives to 
guarantee that to can be defined on all of 13^(0). 
We introduce the following notation 

u(a,u) := tp(a) +v(a,u) for (a,w) € B pi (A (0) ), (13.15) 

( in) 2 \ 

l(a,u>) := (lj(a,uj))i <j<u where lj(a,u) := aj a\ - . 2 „ , (13.16) 

V 4sm J 

n(a,u) := (rij(a,u)))i<j< u where rij(a, u) := W(u(a, uj))(ej). (13.17) 
Recall from (j3~T2Tl and (THTS)) that 

h = l + n. (13.18) 
It follows from statement (g) of theorem 112.41 that v(a,ui) = for a = 0. We conclude that 

8jgtt(0,w) = for aUw€B pi (wW),|^|i > 0. (13.19) 
Since only contains term of order > 2 it is clear (see lemma H8. 1(1 that 

DW(0) = 0. (13.20) 
The following statements are easy to verify. 

km _ ^,a<o»), 

^i(A(°)) = _^_(a(°)), 
Scjfc dajduJk 

i(A<»>> . V^J-O, 



108 



ddjdujk 

dn 
da 
d 2 rij 
ddjdujk 



(a(°)) = 5 hk v;{Jp) = 5 hk 



JO) 

d %_ ^(oh _ ,..T^,.(oh_x..Cn) 2 cos(ir) 
jdUjk 4sin 3 (^) 



2 



£(A<°>) = DW(0)[a oj «]( ei ) = (seedmOI), 

(a(°)) = w(o)[a a7 ^ fc n]( ej ) + z) 2 w(o)[a. u ,a Wfc u]( ej ) = o by C332J • 



Claims ([13.13)1 and 1)13.14)) follow readily from these observations (see ()13.18|) ). For later conve- 
nience we define 



A := diag(Aj), where 



A., 



in) cos(4-) 



.,(0) 



(13.21) 



>d v (cf. proposition UnU). (13.22) 



4sin d 



Then 



D aj h(\^) = A. 



(13.23) 



13.3 Estimates on the functions h and uo 
Proposition 13.24 (a) For all A G B Pl (A(°)) 



3 r h{\) 



DjA (A) 



< D 4 ,i Nq Mi for all < < B u 
2 



< 



(13.25) 
(13.26) 



(b) There exists an unique C°° - function uj : £^(0) —* B Pi (uj^) such that h(a,uj(a)) = for 
all a G -6^(0). 



(c) 



\d a u(a)\ < [DiNQ lEp ) 2Hl 1 for 1 < |a|i < B u \a\ < p x . (13.27) 



Proof. 

(a) It follows from (|13.16|) . proposition 119. ll (a), and ()13.2)) that 



dPl(X) < Dy for all A G B pi (\W), < \(3\t <B X + 1. 



(13.28) 
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In order to estimate the derivatives on the function n (see (113.17(1 ) we use proposition 124. ll and 
obtain for \(5\\ > 1 



flfw(«(A)) = £± 
p=i y 



E 



0\ 



Pi+... + Pp=I3 
fa ^ for 1 < i < p 



W(w)[^u,.../4 



(13.29) 



Statement (d) of theorem 112.41 together with (|4.35|) yield 



a /3 n(A) 



< Da 2 N, 



B P (l/3|l-l) 







for all A G S P1 (A (0) ), 1 < \(3\ x < B t + 1. 



(13.30) 



Since h = l + n (see (fHO^ l claim (TT3~25l) follows from (ELEIJ), (TTT281) . (fT3~30|) and (@~MJ). In 

order to prove (|13.26|) we first observe from (|13.22j) and (|13.23|) that 



Djh) V° } ) 



< 



1 

dy 



where || • || denotes the operator norm for linear maps (M^, 
we obtain 

dy 



(13.31) 

). Using (DUD and (113.2^1) 



DS) (A) - (pS) (A (0) )|| < -y for all A G ^(A^). 



(13.32) 



This proves (|13.26j) . 

f& j It suffices to show that for every a £ -B^ (0) , the map 

T a : B P1 {JV) - M"; r tt (w) = w - (A^r 1 ^)/^, w), 



(13.33) 



defines a contraction on B Pl (ui^). Indeed, by the Banach fixed point theorem this would imply 
that for every a G B Pl (0) there exists an unique w(a) G B Pi (uj^) satisfying h(a,uj(a)) = 0. The 
smoothness of the such defined function oj would then follow from a standard implicit function 
theorem (cf. (11 3. 2KI1 1. 

We will now show that T a is a contraction on B p1 (lo^) by verifying the estimates (|13.34j) . 
(tm5]) below for all a G %(0). 



|T a (w 2 ) - T a (a;i)| < -|w2-^i|, 



< 



Pi 



|T a (a;( ))-J )| 
In order to verify (|13.34|) . observe that 

T a {uj 2 )-T a {u Jl )= A' 1 (J D w h(\ ( V)- Dji(a,ui+t(u2-ui))dt ) (wa-wi), 
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(13.34) 
(13.35) 



and use M . (tlT^ . Estimate (|T3~331) follows from ICT . (tlTHl) . and flU . 

fcj We will prove (|13,27|) by induction with respect to k = \a\\. 

k = 1 : Implicit differentiation of h(a,ui(a)) = with respect to a,j gives 

d a .u = -(DJi)~ l d a:j h. 

The claim follows from (tTCTl) . (|T3~23]) and D 4 > ^£>4,i (see (1071) 1. 

k — 1 — > k : Let 2 < k < B\ and let a be a multi-index with |a|i = Using proposition 124.251 
we obtain 

l -( n . t.,( n \\ = ( n..h\ fi a ,,,+ fffy (s) h\ 

da 



0=^(a,u;(a)) = (D UJ h)d a LO+ £ (^/i) JJ^^.,, (13.36) 



s£5 (a) «=1 

where #So(a) < [y + A;) fc , and for all s E ^(a) we have |7^|i < k, 1 < |a| |i < A; — 1, 
Si<z<«( s ) l a { |i — fc- Define for p £ N 



C(p) := (D 4 N* lEp ) 



2p-l 



Using ()13.36|) . (|13.26|) . 1)13. 25() . the induction hypothesis, and ()4.37j) we obtain 

/ lM 

< ^(v + k) k D AA N^ k [ max n^la^li) 

(iy \ s€So{a) 



1=1 



< D,N^ E " ( max C(p x ) • . . . C(p,) 



2fc-2 

' 4 jv ■ li/4^ 



< D 4 N^ lEp ( DaN* iEp 



< C(k). 

We have completed the proof of proposition 113.241 and have thus also shown theorem 113.41 □ 



14 Estimates on the measure of the set of resonant parameters 

In this section we use the non-degeneracy assumption A4 to show that the function uj introduced 
in the previous section is not degenerate to second order. We use this fact to derive lower bounds 
on the measure of the set {a G -6^(0) : (a,u(a)) G M°°} (see lemma IT4,57|) , 
Estimates of lemma 14.541 used in section 1141 
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2(M + 1) 



80N{ is N c 



d 2 v s 



\2Se 2v ' Dj,(2)N 2AJS '' < 



2AE„ 



80(|o 2 | + l)d 



v 



-eT6 r for all N > Ni 



16 



(A-l)c 



1) > log 2 



v (d 4 N { 



o BlEp ) VpT < 1 



B 1 > 8i/ 2 



rBl E, 



^4^ 

Dp(9v 2 ) Uu2 [(5v 2 )l](D 4 v) 16 » 2 N^ 2Bl ^^ < - 

2 V 4 



4u 2 



4u 2 



4e 16^1 < d min 



(v + 2)B 1 



4l/(Z> 4 iVo l P J Pi < dmin 

4upi < 1 
j s(D K + l) 5V27v+1 < ^ 

V ""min 



(14.1 

(14.2 

(14.3 
(14.4 
(14.5 
(14.6 
(14.7 
(14.8 

(14.9 

(14.10 
(14.11 
(14.12 
(14.13 

(14.14 



S&iPjr^NgfN? b- 2 < 2-l~Kp» (14.15 



14.1 Second order Taylor expansion for the function a;. 
Proposition 14.16 Let uj be the function as defined in theorem \l'J.4\ Then 



where 



(a) 
(b) 



duo 
dan 



(0) = forl<j<v, 



8 2 uj 



da j dak 



< e is^i for 1 < j, k < u, 



n 



U) 



6A l 1 ( 2a 2 v(u,W)(2 ei ) ~ 3Q 3 



4Ar x 2a 2 , 



V(wi°))(e,+ ej ) + VV<»)(ei-ej) 



if 1=3 

3a 3 ) ifl^j 



(14.17) 
(14.18) 



(14.19) 
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Proof, (a): Statement (c) of theorem 112.41 implies 

d aj v(0,uj) = for all to G B pi (J 0) ). 

Denote for 1 < j < v 



<L, + <5_ e , G X 



l,c- 



The definition of </?(a) (see (13.9(1 ) and n(a,u;) (see (113.15(1 ) implies 

d aj u(0, u) = ej for all u G 5 Pl (cj (0) ) . 
Using (tmTj) and (UTTpI) - dlCTl) we obtain 



(14.20) 



(14.21) 



(14.22) 



dhk 
daj 



(0,w<°>) 



d 2 h k 
da k daj 
d 2 n k 



(o,^ (0) ; 



da k daj 
(D 2 W)(0)[d ak u,d aj u](e k ) 

2a 2 (e k * e.j){e k ) = 0. 



(14.23) 



Differentiating h(a,u>(a)) = with respect to Oj, 1 < j < u, and using ()13.23() . ((14.23J) yields 

duo 



-(0) = -A- 1 ^(0, W (°)) = 0. 
daj 



(14.24) 



(b): Differentiating h(a,uj(a)) = with respect to Oj and a k , 1 < j, k < v and using the already 
proven claim (a) together with (|13.23|) leads to 

d 2 uj 



-(0) 



. A -iJ5-(0,o;( )). 



da k daj da k daj 
It follows from {mTJ), {EHE} - fiZM . (UTTBl (EHIj) and {13351 that 



(14.25) 



d 2 h 



da k da 



d 3 ni 



daida k daj 



<0,u 



(0)> 



(14.26) 



£W(0)[3U,«,«] + p 2 W)(0)[^ i)O ^,a a .n] + p 2 W)(0)[^ ^u,d ak u] 
+ (D 2 W)(0)[5 a 2 fcjaj n,a a; n] + (Z) 3 W)(0)[d a; u,c\ fc u,d ajU f 



= 2 «2 ((9 2 ; , afc w) * + {d 2 auaj v) * e k + (d 2 fcjaj v) * e/) (ej) + 6a 3 (ej * e fc * e i ) (ej) 
Next we compute (d 2 k a .v)(X^). Induction statement (Z5)(lc)j = 2 and Cauchy's integral formula 



give 



P V(v 2 (-), -)(A (0) ) < 2e~ N ? for \p\ x = 2. 
l/4,c 



(14.27) 
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Recalling induction statements (XS)(ld)j=2 and (IS)(la)j=\ it is clear that V2(X^) = and also 
(5a,v 2 )(A (0) ) = for 1 < j < v. Hence, 



d 2 V{v 2 ( 



M (A (o)) = p 



dafrdcLj 

Recall furthermore from Q8.27JI that 

,(o) 



^M 0) )^-(A (0) ) + 2a 2 (e fc *%; 
oakdcLj 



dys 



\V(^){m)\>^ forn.GBff 1 (0)\(5U{0}). 



Employing induction statement (X5)(l/), = 2, (|14.1|) . (|14.27j) and (|14.28|) we arrive at 



d 2 v 2 



iX^) + 2a 2 D- 1 (J^)P(e k *e j ) 



< 



1 



l/4,c 



40(|a 2 | + l)d\ 



da^daj 

Induction statements (X<S)(le),->2 together with (|14.2|) and (|14.3|) show that 

1 



— — N? 



""-(A'»»)-^(A«»') 



< 



l/4,c 



40(|a 2 | + l)d x 



— — JV, C 
e is !. 



(14.28) 



(14.29) 



(14.30) 



da^daj da^daj 
From (|14.26|) . (gj^ and (I14.3t)l) we learn 

l^,« J ^(A (0) ) + 4a! (P" 1 ^ * e fc )] * ej + [D^Piei * e,-)] * e k + [J^Ffo * ~e 3 )) * ej) (e,) 

- 6a 3 (e; * e fe * e,-)(ei)| < — e - ^^. (14.31) 

ay 



Statement (b) of proposition 114.161 now follows from (|13.22|) . (|14.25|) and (j!4.31|) by an explicit 
calculation. □ 



14.2 Application of the non-degeneracy condition 

Proposition 14.32 For every m £ \ {0} there exists a a £ {1, . . . , i>} such that for all ao G 



< w(ao + te a ),m > 



> ™" |m|2 /or all t with \ao + e ff t| < pi. (14.33) 



Proof. Recall that the j-th row of the matrix f2, defined in (|2.18j) . is given by the vector fiw) Q f 
proposition 114.161 



= np> ( c f. mfy ) 



Recall further the definition of d m i n in (|4.25|) . 



d min = min > 0. 

eeK":|?|2=l 



(14.34) 



(14.35) 
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We infer from statement (c) of proposition 113.241 and 1)14. 5[) that 



d 2 oj , . d 2 uj , . 

(«)"U-2(0) 



da) 



da) 



< 



(In 



for all \a\ < pi, 1 < j < v. 



(14.36) 



Observe further that condition (|14.4|) together with statement (b) of proposition 114, 161 imply 



d 2 u 



da) 



(o) - 



< 



for all 1 < j ' < v. 



Fix m e 1? \ {0}. By (J14.35I) there exists a G {1, . . . , v} with 



m 



\m\2 



^ dm.in. • 



Then for |a + te a \ < p\\ 



— ) < uj(a + te a ),m > 



m 



< (da a u)(a + te a ), r—r- > 

\ m \2 



> 



< 



rn 



> 



mh 



m 2 



K 77 - 2 



ft- 



m 



> — - — kn 2- 



»™ 2 



(14.37) 



(14.38) 



□ 



We will now discuss an important consequence of proposition 114.321 To that end, fix (p, ■&) £ 
VOL with 



p{9,\) = 8 d + ^b k (\)8 k , 

k<d 



(14.39) 



Let I £ Z, m £ 7* u \ {0}. Choose <r G {1, . . . , z/} as a function of m as described in proposition 
114.321 Furthermore, we set 



a(t) := ao + e CT t for t with |a(i)| < p\, 

9(t) := < w(a(i)),m > - 2irl, 

\(t) := (a(t),u(a(t))), 

f(t) := (0(t),A(t)), 

5 (t) := p(f(t)). 



(14.40) 
(14.41) 
(14.42) 
(14.43) 
(14.44) 
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Proposition 14.45 For \m\ > 2N\ the following estimate jl4-4^\ ) holds for all t G 
\a(t)\ < pi and \9(t)\ < 1: 



dt 



2,! 



g(t) 



> (2d)! I %^|m| 2 



Proof. According to proposition 124.201 fsee also ()24.19|0 

2u + l OLi 



g 



e p 1 " 1 e nn/. 

l<|a|i<2d si e Na . i=l j=l 



EJ^Ii=2rf 



From (|14.39j) it is obvious that 

if fa > d, 
P m {9,\) = I l if p = (d,0), 

if fa = d and > d. 
We use (|14.48j) to express the sum in (j!4.47[) 



7 [2d] _ p [(d,o)]^my 



+p 



[Wo)] 



E 



0i k l] . . . 0i k d] 



fcl + . . . + k d = 2d, kj £f 
3i e {l,...,d} : ki = 1 



+ E f w E II II- 

1 < |q|i < 2d 5 l e N a i 1 1 3 1 

ai <d EJ5ii = 2rf 
I + 11 + III. 



It follows from proposition 114.^21 p4.4()j) . (|14.41|) . (|14.48|) and the choice of a that 

rl ^ d 

1 1 - I ""min i i 

ul > I — 7—\m\2 



satisfying 



(14.46) 



(14.47) 



(14.48) 



(14.49) 



(14.50) 



In order to estimate the second term, we observe from propositions 114.161 113.241 and from ()14,6j) 
that for \j3\i = 1 and \a\ < p\ 



\dPu{a)\ = \dPu(a) - dPu(Q)\ < v [d a N^ Ep ^ Pl < Jpi. 



(14.51) 



This implies immediately that 



(14.52) 
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On the other hand, it follows from (|13.27[) . (ftXT)) that for 1 < k < 2d < 8u 2 (see (EToTjO 

\0 [k] (t)\ < ^ (d^N^Y^ 1 \m\ 2 . (14.53) 

Expression II is a sum with less than (2d) d < (8v 2 ) 4u terms. Together with (fT4~%)) we obtain 

\II\<\{^\m\ 2 y . (14.54) 

Expression III can be written as a sum of products with at most {2d + l) 2u+1 (2d) 2d < (9u 2 ) Uu 
summands. Moreover, (|4.51|) implies 

< D P [{d + iy]Ml 2u2{Bo+u) < D P (bv 2 )\Nl 2v2{Bo+u)EM . 

The assumption that \m\ > 2N\ yields 

2u+l cti 

nn^ 1 ^ {^\™\2) d - i (D iN ^r 

i=l j=l 

- 2Ni 

Finally, using (|14.9|) we obtain 

|JJJ|<1^ H2 ^. (14.55) 

□ 

14.3 The excision procedure 

Recall from theorem 112.41 that we have solved the V - equation only for those values of the pa- 
rameter A which satisfy A G AA°°. The Q - equation is solved if A is of the form A = (a,uj(a)). 
Combining both observations, we obtain a solution of our original equation (J3.1|) for those values 
of the parameter a which lie in the set 

M°° := {a £ B- Pl (0) : (a, u(a)) £ (14.56) 

The goal of this section is to show that the set of bad parameters for which we have no solutions 
is relatively small. More precisely, we will show that 

Lemma 14.57 vol{B h (0) \ M°°) < Kp\. 
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Recall that k was defined in l|4.41|) . In order to prove lemma H4.57I we first recall the definition of 



N°° in ()12.2j) as the intersection of a sequence of nested sets. Thus 



M°° = f]M U) , where (14.58) 

3=1 



M U) := {a G Bp^O) : {a,oj(a)) G JW)}. (14.59) 

My' is again a sequence of nested sets with M^ l > = Bp l (0). Therefore lemma H4.57l is a consequence 
of the following proposition 114.601 

Proposition 14.60 Let j > 1. Then vol(M {j) \ M^ j+1) ) < 2r*Kp[. 

Proof. ( Proposition \1 4. 6(Jj . Fix j G N. Since pi/pj G N (by definitions (|4~T3|) - (|4~T5j) . (gHHj) 
- (|4.46j) and the choice of no in Lemma l4,54[) there exists a cube decomposition of the set i?p 1 (0) 
into cubes of radius pj, i.e. 

yeY 

B p . (a^)n B~ Pj (a^ >) = for y x , y 2 G Y, y x ±y 2 . 
To prove proposition 114.601 it suffices to show that for each y G Y 

vol((M (j) \ M U+1] ) n Bp.(a^)) < 2-iRp". (14.61) 

Fix y G Y. Define 

K y := {k G K( j+0 -V : (a,u(a)) G ^(A^ + °' 5) ) for some a G B ft (a (y) )}. (14.62) 
In view of induction statement (ZS){2b)j + \ the relation 

a G (M {j) \ M {j+1) ) n B^(o ( ^) (14.63) 
implies that there exist k G K y , (p, 1?) G PCIC- 7 , m G Z 17 , Z G Z such that the following holds 



(a, W (o)) G /UAp 5: ). (14.64) 

2iVj < |m| < 2JV i+ i, (14.65) 

I < u(a),m> -tf-2nl\ < 1, (14.66) 

|p(<w(a),m>-i?-27rl,(o,w(o)))| < (D* + l^+i. (14.67) 
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Fix k G K y , (p,$) G VOC { l +l \ mer,IeZand set 

B:={ae Bp-ipM) : (tTTOl) - (gEfl are satisfied }. (14.68) 

In order to estimate the (Lebesgue-) measure of the set B we use Fubini's theorem. Choose a G 
{1, . . . , u} as a function of m according to proposition 114.321 Denote by H the hyperplane in R u 
which contains the point and which is perpendicular to the vector e CT . For ao G H n Bp } (pS y >) 
we define 

B ao :={t£l:a + te CT G B}. (14.69) 

According to the notation we introduced in (|14.4()|) - (|14.44|) let 

a(t) = aQ + te a , 

0(t) = <uj{a{t)),m > -•&-2irl. 

Recall from proposition ll4.32"l that 6" does not change sign. This implies immediately that all values 
of t for which condition ()14.66|) is satisfied form a set which is the union of at most two intervals 
(including the possibility that the set is empty). Observe that proposition 114.16T b). proposition 
I13.24f c) together with assumption A4, (]4.26[) . (|14.1U|) and (|14.11l) imply 



^ d-min 



2 

for all 1 < I < v and \a(t)\ < p\. Hence the set of those values of t for which condition (|14.64j) 
is satisfied is the union of at most v + 1 intervals (including the possibility of the empty set). 
Consequently, the values of t for which both conditions (|14.64j) and (|14.66|) are satisfied form a set 
which is the union of at most v + 2 intervals. In each of these intervals we can apply the excision 
lemma 122. II and proposition 114.451 to estimate the measure of the set B ao . Using in addition that 
the degree d of the polynomial p is bounded by Au 2 = B x /2 (see JOffll . ijOty ) we obtain 



vol(B ao ) < {v + 2)2B lx r { f >K . + l ) 5^ l . (14.70) 

y «min|"i|2 J 

To obtain an estimate on B we integrate Q14.7U[) with respect to ao over the set H n Bp j (a^ ) , 
yielding 



vol(B) < {v + 2)2bJ 8(Dk + l) 8% x {2~ Pj y-\ (14.71) 
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Recall that we have fixed k G K y , (p, ■&) G PO£^ +1) , m G Z", Z G Z for the definition of the set B. 
In order to complete the proof we need to determine for how many values of k, (p, #), m and I the 
corresponding set B is not empty. 

• j^m : condition (|14.65|) implies that the number of possible lattice points is bounded by 

(w j+1 y. 

• #(p, $) : Recall from induction statement (X<S)(2c)j+i that the set VOC^ + has at most 
2(2N j ) Av 5j 2 elements. 

• #k : Using proposition 114. 1ST a), proposition H3.24T c) and l|14.12|) we learn that 



< - for all 1 < I < u, \a\ < p\. (14.72) 



This implies that \oj(cl) — u(aS v ')\ < \a — a^\ which in turn shows that the set K y contains 
at most 2 2v elements. 

#Z : It follows from (|14.72j) that for m, a 2 G Bp.{a^) and \m\ < 2N j+1 we have 

| < uj{a\),m > — < 01(02), m > | < AvNj + ipj. 

Using (|14.13f) we conclude that the number of integers I, for which ()14.66|) is satisfied for some 
fixed 1? and \m\ < 2Nj + i is bounded above by 

N j+1 + 2 



2tt 



+ 1 < JVj-+i. 



These estimates, together with p4.71fl . ()14.14|) and (|14.15|) prove ()14.61|) . completing the proof of 
proposition 114.601 □ 

15 Proof of the main theorem 12.191 

Our main result essentially follows from theorems I12.4| IT3.4I and lemma H 4 . 5 71 via proposition 15.221 
Estimates of lemma 14.541 used in section 1151 

D 3 N^ +1 pl + 2veD N ~ Pl < r Ffi (15.1) 
v (D A N* lEp y ~ Pl < 1 (15.2) 

(0) 

sin— — > p\ (15.3) 
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Notation 15.4 For every z E C u we denote its polar coordinates by (a, Q E (M+ U {0}) 1 ' x [0, 2tt) u 
which satisfy 



(zi,...,z u ) = (me^ 1 ,...^^) 



Set 



p ■= pi, (15.5) 

Z := {z £ C" : a £ M 00 }, (15.6) 

uj as denned in theorem ll3.il . (15.7) 

u(z)(m) := ( ip(a)(m) +u(a,w(o))(m) )e i<? ' m> , (15.8) 

meZ" \{o} zz sm 2 

Note that the ambiguity in the definition of the polar coordinates for z = plays no role in the 
definition (|15.8j) since (p(0) + v(X^) = 0. We show now that the functions x n as defined through 
(|2.2Uj) define a solution of system (|2.1|) , In order to prove this we fix z E Z and use proposition 
15.221 with so := sd T)C , uj := uj(a) and u := u(z). We need to verify conditions (|5.23|) - l)5.27j) . 

• (ET231) : follows from theorem WTM c\ . (EE3I) . and lfT5~T|) . 

• follows from theorem mUT e) and (|33|) . 

• (|535^) : Using theorem [TOff) and (gUl we see that 



u(—m) = u(z)(—m) = u{a)(—m)e %<< ^' m> = u{a)(m)e %< ^> m> = u(z)(m) = u{m). 

• (j5.26|) : Recall that a E M°° implies by definition (jl4.56|) that (a,uj(a)) E jV°° and the claim 
follows from theorem 112.4( h) and the definition of sq given above. 

• (|5.27|) : Using H5.26|) condition (|5.27l) is equivalent to satisfying D(uj)u(m) + W(u)(m) = for 
all m E Z v \{0}. Since (a,uj(a)) E j\f°° we recall from theorem 112. 4( b) and theorem 113.41 that 

D{uj)u{a){m) + W{u(a)){m) = for all m E IT \ {0}. 

Observe that u(z)(m) = u(a)(m)e' l<< *' m> . It follows from the definition of W and property 
USUI) of convolutions that W(«(z))(m) = W(u(a))(m)e i<<: ' m> . This proves (|5.27|) . 
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We have seen that for every z S Z the functions x n defined through (|2.2U|) and (|15.9|) solve system 
(|2~Tj) and are of type (|2~2|) . 

It remains to prove assertions (|2.21j) - (|2.24|) . Claim ()2.2H) follows from the definition of R in 
(|4.41() . from lemma H4. 571 and from proposition 14.421 

In order to verify (|2.22() we first observe that proposition I13.24f c) together with proposition 
I14.16f a'l and (|15.2|) imply that \d aj ui{a)\ < 1 for all \a\ < p. Using in addition (|15.3|) we conclude 
that the function 

(15.10) 



LL)j(a) 

sin J 



2 

is strictly increasing for all 1 < j < v. Suppose now that z ) = x('> Evaluating the Cj Fourier 
coefficients we obtain from theorem I12.4f e) and (|3.9j) 



1% sin 2 2,i sin 2 

for all 1 < j < v. Comparing moduli and arguments of these complex numbers and using the strict 
monotonicity of the functions defined in (|15.1flj) we conclude that dj = a,j, 1 < j < v, and therefore 
z = z. 

Claim (|2.2^ follows immediately from proposition 114. lBl (a), and proposition 11^.241 (c) 
Finally, claim (|2.24j) is a consequence of statements (c) and (h) of theorem 112.41 and from 

/ = z -i z l = n(\„,(n\ - „,(°) 



A = ^7 '-loT = 0(Ha) - = 0(M 2 ) by G23I- 



-2ism^— -Ztsm—^- _2i s [ n ^L 

The proof of theorem 12. 191 is complete. 
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Appendix 



16 The assumptions of theorem 12.191 

In this section we study the assumptions of our main result which were formulated in section 
12,21 The first lemma shows that the entries of the matrix f2 as given in (|2.18|) are well defined 
if assumptions Al and A2 are satisfied. Then we prove that for a generic set of force laws and 
sufficiently low frequencies we may satisfy assumptions Al - A4 by varying the averaged lattice 
spacing b. This result is formulated in theorem 116.321 A description of the exceptional set of force 
laws which is not covered by theorem 116.321 is given in lemma 116.311 

Lemma 16.1 Let F : R — > R, b G R and 7 G R + be given such that assumptions Al and A2 of 
section W3Z\ are satisfied. Let v, Aj and V(uj)(m) be defined as in \2.11)) - 112.15)) - 

fSJS) - Then 

Aj G R \ {0} for l<j<v, (16.2) 

y(u/°))( ej +eO G M\{0} forl<j,l<v, (16.3) 

V{J 0) )(ej - ej) G R \ {0} for 1 < j / I < v. (16.4) 

Proof. Statement l|16.2j) is obvious from lo^ /2 G (0,7r/2) for 1 < j < u. Furthermore, for 
1 < j,l < v we observe that \ < u (0) ,ej + e x >G (0,tt) and V(u/ 0) )(ej + e t ) G R. To see 
l/(u/ ))(ej + e;) / we use the inequality 

sin(a + (3) < sin a + sin /? for a, /? G (0, vr/2). (16.5) 

Definition (|2.12l) implies 

Jo) JO) 

j 7 = 2yjF'(-b) sin-l-, / 7 = 2 v / F'(-b) sin-^-. (16.6) 



Adding the two equations of 1)16. 6() and using ()16.5|) yields 

jo) + jo) 

(I + j)-y> 2^ F>(-b) sin 3 1 > 0. (16.7) 
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This implies V(u;^)(e j + e/) < by definition (EHTfl) . 

In order to prove (|16.4j) . let 1 < j ^ I < v. Since V(J(m) = V{uj){— m) it suffices to consider 
the case j > I. Again, V(uj^)(ej — ei) G M. follows from ^ < u/°\ej — ei >G (0,7r). Furthermore, 
(fTH3]> and (TTTm yield 

/ JO) JO) \ Jo) _ JO) 

0<(j-Z) 7 = 2jF'(-b) Urn ^--sm^-\ < 2 jF'(-b) sin 3 — 1 . (16.8) 

Thus V(u^)(ej - ei) > 0. □ 

Lemma 16.9 Let u G N, ^ > 2. L>e/ine 

r/(x) := (771, . . . ,r] u )(x), rjj(x) : = 2arcsin(ja;) for \x\ < 

For every xq G ^1/^(0) there exist positive constants r , r and a (Lebesgue -) zero set N C M. such 
that for every x G B t {xq) \ N there exists a real number s > with 

dist(< m,ri(x) >,2vrZ) > for all m G IT \ {0} . (16.10) 

\m\ T 

Proof. The proof proceeds in four steps: 
Step 1: 

Claim 1: The functions ,r]' u are linearly independent. 

Proof of claim 1: Denote by 77^ := (d/dx) k r]j the £>th derivative of rjj. We define the v x v matrix 



M := (nf^fO)) . (16.11) 

V J / l<j,k<v 

Note that ^"^(O) = j 2fc - 1 r ? i 2fc_1) (0) and therefore 

detM = ( fl^^iO) ] detM, where (16.12) 



M := (j 2k ~ 1 



l<j,k<v 



Expanding 



1 



arcsin'(a;) = (1 - x 2 )~* = ^ 2 {-x 2 ) j , 

3>o \ J J 

it is clear that i]^ k ^ (0) 7^ for all k G N. In order to prove det M 7^ it suffices to verify that 
det Suppose det M = 0. Then the columns of M are linearly dependent and consequently 
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there exists a nonzero vector (ai, . . . , a^) with JZfc=i a kj 2k ~ 1 = for all 1 < j ' < v . Hence the 
nonzero polynomial p(z) := Ylk=i a k z ~ l has 2u zeros ±1, ±2, . . . , ±z^ yielding a contradiction. We 
have thus established that det This implies that the functions rj'j are linearly independent. 

Indeed, linear dependence of the vectors rjj would translate to linear dependence of the columns of 
M. 

Step 2: 

Claim 2: There exist positive constants r, 5 and K , such that for every m G Z u \{0} there exists 
k m E N, k m < K satisfying 



< 



rf k ™)(x) > 

N 2 



> k m \5 km for all x E B r (x ) 



(16.13) 



and \xq\ + r < 1/v. 

Proof of claim 2: Let £ G S u , where S^^ 1 = £ I" : |£|2 = 1} denotes the Euclidean unit 
sphere in M u . The function f^{x) :=< £,rj'(x) > is analytic and does not vanish identically on 
Bi/v(0) by claim 1. Hence there exists a k^ E N such that < ?/ fc ^(xo) ^ continuity we 

find positive constants rg, 5^ and a open neighborhood £ E C S*^ -1 such that 



< C,V (k ^(x) > > k^ for all C € V 6l x E ^(xq). (16.14) 



The sets (V^g^-i form an open cover of the unit sphere. Claim 2 now follows from (|16.14|) and 
from the compactness of S^^ 1 . 
Step 3: 

Claim 3: Let r, K be as determined in claim 2. For < t < 1 we define the sets 

Bt := |x E B r (xo) : 3m 6 Z"\ {0} toiifc dw?t(< m, ??(x) >, 2vrZ) < A>+1) j . (16.15) 
There exists a constant C > sttc/i i/iai 

X(B t ) < Ct l l K for all < t < 1, 
where A denotes the Lebesgue measure on M. 

Proof of claim 3: Denote by Ci := sup^^^) |r/(x)|2 which is finite since |xo| + r < 1/v (see claim 
2). Let m E 7L V \ {0} and set g m (x) :=< m,7](x) > for x G B r (xo). From claim 2 it follows that 



^ m) (z) 



> kmW m \m\o. 



(16.16) 
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According to lemma 02, II this implies for I G Z and 

B t , m ,i := [x G B t (xq) : \g m (x) - 2nl\ < t\m\2 K ^ +1 ^\ 
the following estimate 



i 



\{B t , m ,i) < 2k m 5~ 1 \m\ 2 km (t\m\ 2 K[u+1) )it < 2K 



5\m\2 +1+ K 

It follows from the definition of G\ above that the range {g m (x) : x G -B r (xo)} is an interval of 
length < 2rCi|m|2- This implies that the number of integers I G Z for which Bt, m ,l is n °t the empty 
set is bounded above by 1 + (2rC\\m\2 + 2t)/(2?r). The Lebesgue measure of the set 

Bt,m ■= | x G -B r (x ) : dist(# m (x),27rZ) < . 

is therefore bounded by 

A(Bt, m ) < (2rCi + 3)|m| 2 ^^|m|~ ( ' /+1+ ^ ) . (16.17) 

Since St = Um^o^*. m c l &mi 3 is an immediate consequence of (|16.17j) . 
Step 4: 

Proof of the lemma. Let r, iT be defined as in claim 2 and set r := K(f + 1). Furthermore 
we define N := P| n >i B\/ n as intersection of countably many nested sets. It follows from claim 3 
that X(N) = 0. On the other hand for x G B t {xq) \ N there exists an integer n G N such that 
x G B r (xo) \ Bi/ n . By definition (|16. 15|) it is clear that (|16.1UJI is satisfied for s = l/(2n). □ 

In order to investigate the non-degeneracy condition, i.e. assumption A4, we introduce some 
more notation. For v G N \ {1} let denote the v x v matrix 

:= 6 itj + 2. (16.18) 

It follows from ()2.11|) - (|2.13l) . (|2.16|) . (|2.18|) . and lemma ll6.il that there exists a real analytic two 
parameter family of symmetric v x v matrices Q 2 (*i7) defined on 

Vf> := {(t,i) G R 2 : t > 0, ^7 < 2yft < {y + 1)7}, (16.19) 

such that fiM (see (t2~T8l N l can be written in the form 

n M = ^F"(-6) 2 ^ ) (F'(-&),7) " ^"'(-b)^) • diag(A / - 1 ). (16.20) 
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Set 

)M — TO ^ T)W 



:=lxP[', (16.21) 
For 1 < j, I < v define real analytic functions 

► R; G(}Kt )7 ):=-^(oW(t )7 )) (16.22) 



Observe that 

n^J = O F'"(-6) = ^ ) (i?"(-6),F'(-6),7). (16.23) 

Next we turn to the condition det fiM 7^ in assumption A4. 

It is easy to see that det fi^ = 2v + 1 (use for example that Q,^ is of the form identity + rank 
1 matrix). Hence Sl^ is invertible. We define for (u, t, 7) G 

rM(«,t, 7 ) :=n 2 ^(t, 7 ) (Q^)~\ (16.24) 

which defines a real analytic family of symmetric v x v matrices. Hence there exist real analytic 
functions : P3 — ► K, 1 < j < not necessarily pairwise distinct, which denote the eigenvalues 
of (see 02]). Observe that (Il6.20|) and (116.^41) imply 

detQ (u) = det (rW(F"(-6),F'(-&),7) - F"'(-&)) = (16.25) 

and hence 

detQ iu) = o F w (-6) G {Aj" ) (F"(-6),F'(-6) J 7) : 1 < i < 1/}. (16.26) 

Since it is our goal to avoid that either an entry of vanishes or that det fiM vanishes we exclude 
those analytic force laws -F which, for some 1 < jf, I < 1/, satisfy one of the differential equations 

F"'(_ 6 ) = G H( F "(_6),F'(-6), 7 ), (16.27) 
F"'(_ 6 ) = xf\F"(-b),F , (-b), 1 ), (16.28) 

in a neighborhood of — 6q- Furthermore, for reasons which will become clear in the proof of theorem 
116.321 below we also exclude the case F' is constant. Note that in this case F is linear and the 
quasi-periodic wave solutions of (|2.1j) are easily constructed (see section l2~Tj) . We define for bo G R, 
r > 

^ feo ro : = {F : B ro (-b ) -► R real analytic : F'(-6 ) > 0} . (16.29) 
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For v G N \ {1} we say that F is v - degenerate, if there exists 7 > with 

< 2 v / F>(-b ) < (i/ + l)7 
and F satisfies one of the differential equations ()16.27|) . (|16.28j) in some neighborhood of — bo- Set 
4olo := Ab o,ro \ ({F G A ,ro : F linear } U {F G A b 

o,ro '■ F is v - degenerate}) (16.30) 

Lemma 16.31 Let v G N \ {1}, b G R, and r > 0. 

(a) The set J-^ TQ is an open and dense subset of Ab , ro with respect to the topology generated by 
the sup-norm. 

(b) The exceptional set Ab ,r \ rQ consists of all linear functions in Ab 0t r together with a 
finite collection of four-parameter families of functions, each of which can be parameterized 
byF(-bo), F'(-bo), F"(-b ) andj. 

Proof. The proof of (b) follows from definition (|16.3U|) . Claim (a) is a consequence of (b). □ 
We now state the main result of this section. It makes the notion precise that assumptions Al 
- A4 are generically satisfied. 

Theorem 16.32 Let v G N \ {1}, b G R, r > 0, F G J^ ro , and 7 > such that 



v~f < 2y/F'{-b ) <{u + 1)7. (16.33) 



Then there exist f3 > and a (Lebesgue -) zero set M C R such that assumptions Al - A4 of 

60,^0 



section WJ^ are satisfied for all b G Bp(bo) \ M. The set is an open and dense subset of Ab 0; 



with respect to the topology generated by the sup-norm. 

Proof. Assumptions Al and A2 are satisfied for F, bo, 7 by the hypothesis of theorem 116.321 
Clearly there exists a (3± > such that 



< 2y/F'(-b) < (1/ + 1)7 (16.34) 



for all b G Bp^bo) and therefore assumptions Al and A2 are satisfied for F, b, 7 if b G Bp^bo). 
To verify the diophantine condition (assumption A3) set 

G(b) := — , 7 for b G B 01 (b o ) (16.35) 

V ; 2^F'(-b) liy ' V ; 
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and define xq ■= G(bo) G Bij v (Q) (by (|16.33j0 . We apply lemma [T6. 91 and obtain positive constants 
r, t and a zero-set iV such that for every x G B r {xo) \ N there exists a constant s > such that 
(116. l()j) holds. Choose < /3 < fa such that G(Bp(b )) C 5 r (x ) and define 

Mi := {b G Bp(b Q ) : G{b) G iV}. (16.36) 

By (ITCTj) and the definition of rf£ (in (fTCTl ) we observe that G is an analytic, non constant 
function on B^(bo). Thus Mi is again a set of zero Lebesgue measure. For all b 6 Bp(bo) \ M\ we 
have G(b) G B r (xo)\N and hence there exists a constant s > such that (|16.1U|) holds. Assumption 
A3 is satisfied for all b G Bp(bo) \ M\. 

In order to investigate assumption A4 recall that the choice of f3 implies that (|16.34|) is true 
for all b G Bp(b ). This implies that (F'(-b),j) G T>^ for all b G Bp(b ). Since F is not v - 
degenerate and F, Xj, 1 < j, I < v are real analytic functions the set 

M 2 :={beBp(b ):F"'(-b) G {X ( f\F"(-b),F'(-b), 7 ):l<j<u} 

U {G^(F"(-b),F'(-b), 1 ):l<j,l<u}} 

consists of at most countably many points. By (|16.26|) and (|16.23|) it is clear that no entry of 
vanishes and that det ftM / for 6 G B^(b ) \ M 2 . 

Set M := Mi U M 2 . Assumptions Al - A4 hold for all b G Bp(b ) \ M. The genericity of the 
set J-b has already been proved in lemma H6. 311 □ 

17 Weight functions 

In this section we prove proposition 117.21 which implies the useful property ()5.18|) for the families 
of weight functions introduced in 15.151 The proof of proposition 117.21 can be found in [31] and we 
repeat it here for the sake of completeness. 

Let v G N and < x < 1. Recall that I • I denotes the maximum norm on 7L V . We define 



D„ x := < 



SU Pne»V>l/4 Hm&1» e v\ m \* £ <y\n- m \* if < X < 1, 

su PneZ",o->l/4 (l+\m\) v + 1 e"\ m \ (l+\n-m\Y+ 1 e tT \ n - m \ X 



Proposition 17.2 Let v G N and < x < 1. Then 1 < < oo. 
Proof. The claim D UtX > 1 is obviously satisfied. 
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Case < x < 1: 

For every n £ 7* u , we divide the sum in the definition of D U)X into four parts, depending on n, and 
show that each of the partial sums is bounded independently of n. Set 

A n := /m G Z u : \m\ < ~^\ n \^j > 

B n := /m G Z 1 ' \ A n : |m — n| < j 

C n := e \(A n U B n ) : \m\ < ^\n\ 

D n := Z u \(A n UB n UC n ). 

To estimate the sum over A n , observe that 

|2|n|/3j 

y e -<r{\m\ x + \n-m\ x -\n\ x ) < ^ 2v(2k + ly- 1 ^^i^ +(\n\-k) x -\n\ x ) (17-3) 
m£A n k=0 



and 

a x + b x -{a + b) x = x f 1 s*- 1 [ 1 - I — — ) ) ds > a x I 1 



o 



s \ \ , . n. / . fa 



s + bj I \ \a + b 

for a > 0, 6 > 0. Furthermore, there exists a constant Ci(v, x) such that 



2zv(2£; + If-'e V ™> > < /T 1V ' ' for all a > -, k > 0, (17.4) 

(k + 1)^ 4 

and we can bound (|17.3|) by 2C\{v, x). By translation, the same estimate holds for the sum over 
B n . Clearly, there exists another constant 6*2(^,3;), such that 

^ e -<T(M-+|n^r-|H")<(H| n | + i)»' e -fH"<c , 2 (i/,x) forall<7>i, neZ". (17.5) 

meCn 

Finally, for m £ D n , one easily derives \m\ x + |n — m\ x — \n\ x > \m\ x (1 — (3/5) x ), which in turn 
implies a uniform bound on the sum over D n . 
Case x = 1: 

Let n£Z", We use the same decomposition of Z v into sets A n , B n , C n and D n as above. In order 
to estimate the sum over A n and B n , we use 

l + |n| V +1 / 3 



y < y _^ < oo. (17.6) 

^ \ 1+ m 1+ n-m ) ^ V1 + \m\ v y 



(1 + |m|)(l + \n — m\) J ' \1 + l m l 

For C„ we use 



1 + Inl 

1 < 1 for all m,n £ Z u , (17.7) 



(1 + |m|)(l + \n — m\) 
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and 

e -<T(M+|n-mHn|) < ( ^| n | + x y e ~% \n\ ^ 
3 

m£C n 

which has an n- independent bound. Finally, to estimate the sum over D n , we use (|17.7|) and 

e -^(\ m \+\n-m\-\n\) < ^ e ~^ |m| . (17-9) 

□ 



18 Properties of the nonlinear part 

In this section we provide estimates for the nonlinear part of the equation. Let v£N and recall that 
c = 0.01 (see (14.5)0 . For a > 1/4 we consider sequence spaces X atC , X a> \ on Tf and corresponding 
matrix spaces £<7 iC , These spaces were defined in 15.211 fsee also 15.151 ()5.2|) . ()5.10|) and (|4.6|) ). 

Lemma 18.1 Suppose that 

oo 

(18- 2 ) 

k=0 

defines a real power series with positive radius of convergence < r < oo. There exists a positive 
constant D\y > such that the following holds. For x £ {l,c} and a > 1/4 the map defined by 

W:{ue X a , x : \\u\\ a>x < r} - X^ x , (18.3) 

oo 

W{u) := ^2a k u* k 
k=2 

is analytic and statements (a) - (c) are true. 

(a) For j £ N, u,y\,... ,yj £ X a>x with \\u\\^ x < r, 

u 

(DiW)(u)[y 1 ,...,y j }= £ — ^ fc </(*-i) * yi * . . . * y (18.4) 

(b) For j e N, 2 < j < 22u z + 1 (cf. U^ty ), yx, . . ., yj-i, u e X a , x with \\u\\^ x < min(l,r)/2 



\\W{u)\\ a , x < D w \\u\\l )X 
\\{DW){u)\\^ x < D w \\u\\ a>x (18.5) 

) Uj — ll '\ \\<T,X < Dw\\ Ul\\cr,x ' • • • ' Hi/jr — 1 \\a,x 
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(c) For L > 0, u £ X ljC itni/i ||«||i )C < min(l,r)/2 and supp(u) C Bl(0) (i.e. u{m) = for 
\m\ > L) 

\\W(u) X{ \ m \>3L}\\ 1/4>c < D w e-* LC \\u\\l c . ( 18 - 6 ) 

Proof. The analyticity of W and statement (a) are obvious. In view of proposition 15.51 the 
estimates of (b) follow from standard arguments for power series. In order to prove (c) we first 
observe that for k £ N and for numbers L > a± > . . . > a k > with oq + . . . + a k > 3L the following 
holds 

/ t c ~ 1 dt + ...+ / t^dt-Z \ t c - l dt 
Jo Jo Jo 

^2 n t c ~ i dt \ ~ ( f L f- i dt+ f L ^-^1+ f L t c ~ i dt\ 

= c[J - //] > 0. (18.7) 

Indeed, the last inequality, or equivalently / > II, is easy to see: firstly, the total length of the 
domain of integration in / equals to 04 + . . . + a k > 3L — a\ — a<i — 03 and is hence bigger or equal 
to the total length of the integration domain in II. Secondly, by the ordering of the Oj's and the 
monotonicity of t c ~ l it is clear that the integrands in I are pointwise bigger than a^ -1 whereas the 
integrands in II are pointwise bounded above by a^ -1 < a^ -1 . Hence (j!8,7[) is established. Using 
in addition lemma 15. 161 fcf. (|5.1j0 we conclude 



|K(«)X{H>3L}|| 1/4iC 

- ^2\ a k\ E W(si)\ ■ ■ ■ ■ ■ \u(s k )\w 1/AtC (m) (18.8) 



k>2 

si + . . . + s k = m 

\m\ > 3L 



k>2 

si + . . . + s k = m 

\m\ > 3L 



^ El^l E l^i)l^i,c(si)-...-|n( Sfe )|u; liC ( Sfc )e-f(l Sl l c+ - + ^l c ) 



k>2 

s 1 + . . . + s k = m 

\m\ > 3L 



< e 4 3LC ^| Qfc | ^ I«(si)|t0i, c (si) • ... • \u(s k )\w ltC (s k ) 



k>2 

si + . . . + s k = m 



130 



C" 

k>2 



This establishes claim fc). □ 



19 Properties of the linearized operators 

In this section we prove various properties of the matrices T^\\), T^\0, A) which are used in the 
analysis of chapter II. We provide estimates on the diagonal entries (proposition I19.1j) as well as 
certain symmetry properties (propositions POT. 151 and [19. 18 j) . 

Proposition 19.1 Recall the definitions of u 12. lip . Uj^ \2.1ty) . and of the function Vj, j E N 
\4-12\j . There exist constants < dy,5y < 1 < Dy such that the following holds. 

(a) For all 1 < j <v, < S < 5y and i)eC 

dist{'d,{±wf ) } + 2vrZ) > 8 \Vj(0)\ > d v 8, 
distft, {±wf ] } + 2vrZ) < 5 => \Vj{#)\ < D v 5, 

\(d/dti) h Vj(#)\ < Dy for0<k<l + 8v 2 , \$Tuf ] \ <5y. 

(b) For 1 < j < v there exist smooth functions Vj t + : B$ v (uy) — > R and Vj - : B$ v (—Uj) — ► R, 
such that 

V0) = -uf) for # e B Sv (Ljf ), (19.2) 

W) = Vj^W + uf) for tie B Sv (-ojf). (19.3) 

Furthermore 

\VjM#)\ > d v fortieB Sv (±u;f), (19.4) 

\{d/dtf) k (l/V jt ±)(tf)\ < Dy forO<k< 22v 3 , G B Sv (±ujf ) ). (19.5) 

Proof Recall that ojf ] £ (0, vr) by assumption A2 (cf. (l2~T2l V Therefore V^(±ujf ) ) ^ and 
there exist Sy > 0, dy t \ > such that — Sy > and 

I Vj (0) | > dv,i |0 - ^ 0) I for all G C/^ (wj 0) ) , (19.6) 

|^i(0)| > d v ,i\# + w i 0) l for a11 # e ^v(-^ 0) )- (19-7) 
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Observe further that the zeros of Vj form a set {±iuj°^} + 2-7rZ. Since Vj is a 2ir - periodic function 
and lim|j rnz i_ >0O Vj(z) = u\ > we conclude 

m := inf{|^(??)| : i5eC, dist(0, {±wf } } + 2^Z) > by} > (19.8) 



Setting 



dy := - min((iv i i, m/5v, 2) (19.9) 



we have satisfied the first estimate in (a). The second and third estimates in (a) are true if 

Dy > max sup \(dj M) k VM)\. (19.10) 

i<;<^o<fc<8, 2+ i ^(^(O) 

The right hand side of (|19.1U|) is finite since the distance of [/^(iwj ^) to the set 27rZ is positive 
by the choice of by {Jf^ 1 — by > 0). 

To prove (b) observe first that (|19.2|) is satisfied with 

V jl+ m = [ V>{uf + s(6 - u f))ds. (19.11) 

The estimate (fTO|) follows from (pHO]) . (flUl))) and ((TO|) . The existence of the constant Dy 
follows from the estimate (|19.4|) . since by is chosen such that — by > (and consequently 
dist(Bs v (uj^), 27rZ) > 0). The proof of the corresponding statements for Vj- is similar and will 
not be repeated here. 
□ 

Recall the definition of the nonlinear map W in section^] and of the functions V(uj), V(9,oj) 
in (|2Iinj), (HSU). For u £ X ayX , a > 1/4, x £ {0.01, 1} and ||it||o- ja j < r F;b (cf. (|4"%)0 we may define 

T(uj)(m,n) = V(u)(m)S min + DW(u)(m,n), (19.12) 
T(6,Lj)(m,n) = V(0,u)(m)5 mjn + DW(u)(m,n). (19.13) 

By lemma 118.11 (a) we can express 

DW(u)(m, n)= ka k u* ( - k ~ 1 '> ) (m - n). (19.14) 

\k>2 ) 

Using (|19.14j) and the definition of the convolution (see (|5.4(l ). the following two propositions 
are easy to verify. 
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Proposition 19.15 Let T(u) be defined as in \19.1ty) . 

(a) Suppose that u G M. u and u satisfies u(m) = u(—m) G M. for all m G ' . Then 

T(w)(m,Ti)=T(w)(-m,-ii)etU{oo} for all m,n G 7L V . (19.16) 

(b) Let 1 < j < v and weC". Suppose that u(m) = for all m G TL V with mj ^ 0. Then 

T(co)(m,n) = if rrij ^ nj. (19.17) 

Proposition 19.18 Let 9 G C, co G C v and let T(9,u>) be defined as in \19.13\) . For k G 1? with 
< k,g >= the following translation property holds. 

T(9,uj)(m + k,n + k) = T(9+ <uj,k >,uj)(m,n). (19.19) 

20 The coupling lemma 

In this section we state and prove a version of the coupling lemma which first appeared in |44j . 
The main advantage of this coupling lemma over other versions is that one may couple local 
inverse matrices of all length scales in one step. The proof of the coupling lemma I2(J. II proceeds by 
constructing a parametrix for the inverse matrix. The columns of the parametrix are given by the 
corresponding columns of the local inverse matrices. 

Recall the definitions of v ()2.11j) . c = 0.01 ()4.5|) . of the weight functions w a)C on W (definition 
I5.15jl . and of the corresponding matrix spaces C afi (definition I5.21j) . 

Lemma 20.1 Let a > a > 1/4 and let A be a finite subset of7L v . Suppose that 

T(m,n) = D(m,n) + R(m,n), m,n£A, (20.2) 

where D is a diagonal matrix. Suppose further, that for each n G A there exist numbers l n > 0, 
< n n < a — a, C n > and a set U(n) C A, n G U(n), satisfying 

T U{n) exists and \\ T U(n)\\*+l*"> c - Cn > (20.3) 
dist (n,A\U(n)) >l n , (20.4) 

C n e-»»K\\R\\ aie <~. (20.5) 
Then the matrix T\ is invertible with 

\\T^%, C < (1 + «;*, C (0))C, where C:=supC n . (20.6) 
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Proof. The proof of lemma I2U.1I proceeds in three steps. First we define matrices P and K 
satisfying 

(T A )P = I + K, (20.7) 
where / denotes the identity matrix restricted to the sub-lattice A. In step 2 we show that 

\\k\\&, c <-. ( 20 - 8 ) 

Since the norm is sub-multiplicative (see proposition 15 . 14l and lemma l5.16|) the inverse of I-\-K can 
be expanded in a Neumann series with + If) -1 |k c < ||I|k c + l = 1 + W£ C (0). Hence we have 
constructed a right inverse of T\ and, as A is finite, the inverse matrix T^ 1 exists. Claim (|20.6j) 
then follows from 



|P|kc < C, (20.9) 



which is derived in step 3. 
Step 1: Proof of (tSTTTl) . Define 



, T TI },(m,n) for n G A.m G U(ri), 
P(m,n) := { U(n)K ' K h (20.10) 



K(m,n) := 



else 

Y. p eU(n) R ( m iP) p (P' n ) for ne A,me A\U(n), 
else . 



(20.11) 



Relation (|20.7fl then follows from 

VVr ^ f \t>( ^ J ^pef/(n) rKpJld^fon) = <W for n G A, m G U(n), 

peA { E P ef/(n) R(m,p)P(p, n) = K(m, n) for n G A, m£A\U(n) 

Step 2: Proof of lj2"0~%)) . Fix n G A. Using lemma KTM (l2"0~i|) we obtain 



y~] wz !C (m - n) \K(m, n) \ < ^ iU£ +/injC (m - n)\K(m,n)\e Mn '« 

meA meA\f/(ra) 

-22 ^+^, c ( ra -p)l^(^ ; P)ka+/,„, c (p-^)l^ ( 1 n) (P,«)|e" / ' nZ " 
meA\C/(n) peU(n) 

< 2 ll fl ll*+/* n ,c«>ff+ |lB , c (p-n) l^)(P } »)l 

p£U(n) 

1 

''t/(n) llc+M„,c ^ ^ 2" 



< HRll-i IIT _1 II- , p-Mn'n < t 
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Step 3: Proof of (TZUUl) . Fix n € A. Clearly, 




m — n 



)\P(m,n)\< J2 



rndU(n) 



Wa + ^ niC (m-n)\T u{n) (m,n)\ < \\T t 



1-1 II 



<C n <C. 



□ 



21 A version of the Weierstrass Preparation Theorem 

In our analysis of chapter II we need a version of the Weierstrass preparation theorem which 
provides estimates on the derivatives of the coefficients of the resulting polynomials. Such a version 
was stated and proved by Bourgain in For the sake of completeness we reproduce Bourgain's 
proof in this section. 

We begin with a simple application of the Banach fixed point theorem. 

Proposition 21.1 Let (X, \ ■ |) be a Banach space, xq G X , n > and denote K v (xo) := {x £ X : 
| a; — a?o I < v}- Assume furthermore, that F : K v (xo) —* X is a C 1 map with 



where \\ ■ \\ denotes the operator norm and I is the identity map. 

If\F(xo)\ < 2r]/5 then there exists a unique y 6 K v (xo) with F(y) = 0. Furthermore, \y — xq\ < 



Proof. It follows from (|21.2j) that DF(xq) is invertible with \\DF(xq) 1 || < 5/4. We define 



Note that the zeros of F are precisely the fixed points of T. For x±, x<i G K^xq) we obtain 



DF(x) - I\\ < 1/5, for all x e K v (x ) 



(21.2) 



F(x )\. 



T : K v (x Q ) -» X ; T(x) = x - DF(i )-T(i) 




From (|2T2l) we conclude that + t(x 2 - xi)) - DF(x )\\ < 2/5 and therefore 




(21.3) 



Furthermore, for all x G K v (xq) we have 



\T(x) - s | < |T(s) - T(x )| + |T(x ) - z | < \\x - x \ + -\F(x )\ < J + - • 

2 4 2 4 5 
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This shows that T is a contraction on K v (xq) and has thus an unique fixed point y. Finally, 

\y - x \ = \T(y) - x \ < \T(y) - T(x )\ + \T(x ) - x \ < \\y - x \ + ^\F(x )\, 
from which \y — xq\ < ||F(xo)| follows. □ 

Lemma 21.4 Letd, v, B\, B 2 S N, Aq 6 M. 2l/ , and let 5, p, e, C, C* be positive constants satisfying 



5< 1 
C* > 1 
200cie < 1 
30C*(5 1 !)2 Bl < C 
d(B 1 + 1)<B 2 



^Cd P <[- 



{6d) diBl+1) < B 2 \ 



(21.5) 
(21.6) 
(21.7) 
(21.8) 
(21.9) 
(21.10) 
(21.11) 



Assume further that 



f : {z G C : \z\,8} x {A G C 2u : | A — A 1 < p} 



is an analytic function of the form 



f(z,X)=z d + £ aj(\)z3 +r(z,\), 

0<j<d 



where for z G Us(0), A G U p (Xo), 



(21.12) 



I a, (A) I < 



for all < j < d, 



,,v "" " 8d 
d p aj {\) < C for all 1 < < B u < j < d, 



(21.13) 
(21.14) 

(21.15) 

Suppose that aj, r are real functions, i.e. ctj(\), r(z, A) 6 1 for z G Us(0) n R, A G U p (\o) fl M 2iy . 
T/ien there exist functions 



dPr(z,\) 



< < 



e for |/? A |i = 0, < \(5 Z \ < B 2 , 

C* for 1 < |/3 A |! < B 1: < |&| < ,62. 



Q : U 6/4 (0)xU p (X )^C, 
bj : U P (X )^C, 0<j<d, 
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such that for all z G Ug/^O), A G £/p(Ao) and < j < d the following holds: 

f(z,X) = [l + Q(z,X)] lz d + Yl b i( X > 3 I ' ( 2L16 ) 

\ 0<j<d J 

\Q(z,X)\ < -Jj, (21.17) 

\bj(X)\ < ^, (21.18) 

/r \2|/9|i-l 

9%'(A) < U^j (d + £i) l/311 /or 1 < < Si, (21.19) 

6j(A) G R /or A G [/ p (A )nR 2v . (21.20) 

Proof. Without loss of generality we assume for the proof that Ao = 0. Recall the basic idea to 
prove the Weierstrass preparation theorem. Denote for b G C d the polynomial 

Pb (z) = Z d + b 3 zj - ( 2L21 ) 
0<j<d 

Computing (pb(s) — p b {z))/(s — z) one easily derives the following formula 

— = -r4 rftW+E^r^**, where ( 2L22 ) 

s-z p b (s){s-z) ^ p b (s) 

d-l 

q k (b,s) := s^ 1 -^ Y hs l - X ~ k . (21.23) 

l=k+l 

Let < a < 5. By the Cauchy integral formula 

r (^ A ) = -L/ llil^ds (21.24) 



27T2 ./| s | =q s-z 



for | z | < a. Using representation (|21.22|) we obtain 



/(*,A) = r( ; >A) c ^rW) (21.25) 

\ J\s\=aPb{s){s - z) 2m J 

1 ' " r(s,X)q k (b,s) ds \ k 



+ Y1 \ a kW-b k + f 
k=o V ^ 



2ttz 



2 



To prove the Weierstrass preparation theorem one needs to show that b = 6(A) can be chosen such 
that the second line in (|21.25f) vanishes. 

For our purposes it is convenient to split the remainder term r into two parts and apply the 
above described procedure twice with different choices of a. According to Taylor's formula we 
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decompose 



r(z,X) 


b 2 -i 

j=0 


\- r(z, A), with 




■■= ^/(0,A), 




f(z,X) 


== 1 r 

(B2 - 1)! Jo 


(afv) ( s ,a)(z- 



(21.26) 

(21.27) 
(21.28) 



and denote 



_ b 2 -i 

f(z,X) = z d + a j (X)^+J2c j (X)z^ + r(z,X) = f(z,\)+r(z,X)- (21.29) 

0<j<d j=0 

From hypothesis ()21.15() the following estimates are immediate. 

|cj (A) I < -rye for A G U p (0), (21.30) 

|^c 7 (A)| < -C* for A G UJO), 1 < LS|i < £1, (21.31) 

|f A)| < -^-.e\z\ B * for z G f/ 5 (0), A G C/ p (0), (21.32) 

±>2 ! 

\d%r(z, A) I < ^-rC*|^| B2 for z G *7,(0), A G 17,(0), 1 < < £?i. (21.33) 

In a first step we apply the above described procedure to the auxiliary function / (see (|21.29j0 . 
For b G C d , \b\ < l/(2d) and s G C, |s| = 1 we have \p b (s)\ > 1/2. We can therefore apply (121.2211 
and obtain for (b, z, A) G f7 1/(2d) (0) x U s (0) x £7,(0) C^xCxC 2 " 

d-l 

f(z, A) = (1 + Q(6, 2, X)) Pb (z) + ^(o fc (A) - 6 fc + X))z\ (21.34) 

fc=0 

where 

B2-1 



Q(b,z,X) := Y,c 3 {X)i -J^, (21.35) 

p* J\s\=i Pb(s)(s - z) 2tti 

R k (b,X) ■= YcjWf , for0<k<d. (21.36) 
^ J\s\=i Pb(s) 2m 

We will now determine b = 6(A) in such a way that a k (X) — b k — R(b, A) = for all < k < d. To 
achieve this we define 

G : U 1/{2d) (0) x U p (0) -> C d ; G = (Go, . . . Gd-i) with 

G k (b,X) := b k -a k (X)-R k (b,X). for < k < d. (21.37) 
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Claim 1: For every A G U p (0) there exists an unique 6(A) G f/j_(0) suc/i i/iai G(6(A),A) = 
0. Moreover, the function A i— > 6(A) is analytic and the first order derivatives are bounded by 
\dPb(\)\ < 2C for all A G U p {0), \(3\i = 1. 

Proof of claim 1 : The definitions of p b and q k (see (|21,21[) , (|21.23j) ) yield the following estimates 
for \b\ < l/(2d) and |s| = 1. 

q k {b,s)s J 



h 



Vb{s) 
q k {b,s)s : > 



Pb{s) 



< 4, < k < d, j G N , (21.38) 

< 10, < k,l < d, j G N . (21.39) 

These estimates together with (121.301) . (t2T7|) . (121.141) . (|21.31l) imply for \b\ < l/(2d), |A| < p, 
< k, I < d (denoting a := (aj)o<j<d) 

|G fc (o(A),A)| = |^(a(A),A)|<^-i4<12 e <-i-, (21.40) 



d bl G k (b,X) - 4, 



J- 



j>o J 

< £ll0<30e<i, 



c* 



d^G k (b,X) < C + 4 < C + 12C*, for 1 < |^|i < Bi. 



(21.41) 
(21.42) 



j>o 



We apply proposition 121. ll to obtain 6(A). Choose (X, | • |) to be C d together with the maximum 
norm. We fix A G B p (0) and set xq = a(A), r] = ^ and 

F(x):=G(x,X) for x e % 4d) (a(A)) C % d) (0) (c/.JZTIfl). 

Note that it follows from (j21.41|) that ||-D-F(x) - J|| = HA^x, A) - I\\ < 30ed < |. Inequality 
(|21.40|) implies that |F(xo)| < < Hence there exists an unique 6(A) satisfying F(6(A)) = 0. 
Furthermore |6(A) - a(X)\ < 2.5^ < ^. Since |a(A)| < l/(8d) by (I21.13|t we conclude that 
6(A) G Us_(0). 

The analyticity of 6 as a function of A follows from the analyticity of G by a standard implicit 
function theorem. Moreover, differentiating G(6(A),A) = with respect to Xi, 1 < I < 2v, and 
using \\D b G - I\\ < 1/5, (121.421) . and (ETDfl) we obtain 



9a ; 6 



< 



(D b G) d\ t G < -{C + 12C*) < 2C. 



This completes the proof of claim 1. 

We have constructed a representation for / in the desired form 

f(z,X) = (l + Q(b(X),z 1 X))p- b(x) (z). 
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Since / = / + r we now apply (|21.24|) . (|21.22|) with r being replaced by the smaller remainder term 
f. First we choose the radius for the contour of integration. 



Claim 2: There exists ^ < a < 8 such that 

1 / 5 W 



> - ( — 1 for\s\=a, and b €B :=U^y(b(Q)). (21.43) 



For all A 6 C^p(O) i/te following estimate holds 



i / a N * 



W-^Kis 5 ■ (2L44) 



Proof of claim 2: Estimate Q21.44JI follows from claim 1 and (|21.1()[) • Denote the zeros of P^q) 

5_ 

6d 

and b £ B it follows from (|21.5f) that 



by - • • ,£d- Choose a S (5/2,5) such that \a — |£;|| > A for 1 < i < d. For s £ C with \s\ = a 



1/*V Am , ,,,, 1 / 8 X 



! 2 V 6d J ~ 2 V 6d 



This proves claim 2. 

Note that b £ B, (|21.5() and claim 1 imply 

We conclude B C ^ r i/(2d)(0). For z £ U a (0), A G ^p(O) and b e B we obtain the following 
representation of the function / 

d-l 

f(z, A) = (1 + Q(b, z, X)) Pb (z) + £> fe (A) - 6 fc + i? fe (6, \))z\ (21.45) 

fc=0 

where 

0(6,*, A) := Q(b,z,X)+<f , r( "' A) (21.46) 

R k (b,X) := flfc(6,A)+/ g*(M f («.A) & for < fc < d. (21.47) 

We define 

G : B x U p {p) -»■ C d ; G= (G ,...,G d _i) with 

G fc (6, A) := 6 fc - a fc (A) - i? fc (6, A) for < k < d. (21.48) 
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Claim 3: There exists an analytic function b : U p (0) — ► B satisfying G(b(\),X) = 0. 
Proof of claim 3: Using G(b(X), A) = we can express Gk by 

G k (b, A) = (b k - b k (X)) + [R k {b(X), A) - R k (b, A)] + [R k (b, A) - R k (b, A)]. 

Fix A G U p (0). We introduce the new variable 

x:=6-6(A). (21.49) 



By (|21.43jl and (|21.44|) it suffices to show that there exists x £ Uj_ (± ,d(0) C C d solving F(x) = 0, 
where F = (Fo, . . . , Fd-i) is defined by 

F k (x) := x k - [R k (x + 6(A), A) - R k (b(X), A)] - [R k (x + 6(A), A) - R k (x + 6(A), A)] (21.50) 

for < k < d. To obtain the existence of the zero of F we again apply proposition 121. ll In the 
notation of proposition 121.11 (X, | • | ) is given by C d together with the maximum norm, x$ = and 
rj = 4j We need to derive the estimates on |-F(0)| and \\DF(x) — I\\. For < k,l < d the 

above definitions yield 

r(s, X)q k (b(X),s) ds 
'\s\=a Pb(\)( s ) 



F k (0) 



d Xl F k (x) - 6 lk 



b 2 -i , 

3=0 J I' 



s?d Xl 



2m 

q k (x + 6(A), s) \ ds 



\=a 



f(s,X)d. 



s\=l \ P x +b(X)( S ) 

I q k (x + 6(A), s) \ ds 



2vri 



For |s| = a and |x| < ^ we have \x + b(X) - 6(0)| < ^ (^)°, i.e. x + 6(A) £6c J7i/ (2 d)(0). 

Then claim 2 implies for < I < d (use also a < 5 < 1 by (|21.5jl ) 
%(x + 6(A), s) 



P x+b(\)( S ) 

l / s \ d 



2vri 







P x+b(X)( S ) 



< 



6d\ 2d /6d\ d /6cT M 

t) +2 (t) ^ 10 (t 



Together with (I2Q21 . I|21.33|l . (12131) . (I2HH) . (ffiTTl) . (t2T71) . and (I2Q91 we conclude 

| F(0 )| < 4^V^ = &— 



< 4e 



— o " = — — - 

6d) - 50d\6d) < 5 ' 



(21.51) 



||DF(x) 



< 



< „y ( ;!() + | „ | _ < 40eci < -. 



(21.52) 
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Prop osition 12 1 . 1 1 can hence be applied and we obtain y G C d , \y\ < V = ~m {w) d > s °l vni g F(y) = 0- 
Setting 6(A) := y + 6(A) it is clear from <I21.4U|1 . (|2 1.501) that G(6(A), A) = 0. So far we have defined 
6(A) pointwise for each A G U p (0). The analytic dependence of 6 on A follows from the analyticity 
of G by a standard implicit function theorem. This completes the proof of claim 3. 
By a slight abuse of notation we set 

Q(z,X) :=Q(b(X),z,X), (21.53) 

with the function 6 as defined in claim 3. From (j21.45j) and claim 3 it is clear that we have found 
a representation of / of the desired form (|21.16|) . satisfying (|21.18jl . Observe that the realness 
condition on dj and r imply that G(b, A) € R d for 6 G B n R d , A G U p (0) n R 2u , proving 1|21.2U|) . In 
the remaining two steps we will verify (|21.17|) and (|21.19j) . 
Claim 4: \Q(z,X)\ < 1/10 for all \z\ < 5/4 and \X\ < p. 

Proof of claim 4: It follows from mZty . (ISOBl . (tSOffl) . (15021 . <5/2 < a < 5, (I3l~l3l . 
(t2TTTTl . (EHH) that for |*| < 5/4, |A| < p 

< e fi 2 + ^V-<A (21.54) 
* e ( 12 + 8 (^) dBl )- 20e< ^ 

Claim 4 is verified. 

Claim 5: For < j < d, \X\ < p and 1 < \(3\\ < B\ the following holds: 

2|/3|x-l 



a%(A) < (jcj (d + B^l 



Proof of claim 5: From the definition of p b and qk in ()21.21l) and ()21.23|) we conclude that for 
|s| < 1 and |6| < l/(2d) 



g f}Qk(b,s) 



Pb(s) 



< \Qk(b,s)\ 



^00 



< 2|/3| 



1 



+ E a 

fc<;<d,/3;>0 

1 



J3-e t 



l '\Pb(s)\Wi 



+1 



+ 101 



1- 



0, 



< 



1 



Pb(s)\\Ph ~ \p b (s)\\Ph \\ Pb (s)\ 



+ 1 
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Using in addition (|2Ti7|l . pOi) . (t2T30l - (|2Tm(|2Tl)l) . GESJ, (Ed, (EDI), and gEB> this 
implies for multi-indices /? = (A,,/?a) wit h 1 < < B l, \M < P and |6| < l/(2d) that 

B2-1 



(d^R)(b, A) < ]T |(#S)(A) / |^ & U!b & ( 



+ 



|s|=Q 



For peN set 



< 3C*(B 1 !)2 Bl 5 + ^^( J B 1 !)3a^2^ 

< C*5i! (l5-2 Bl +3-2 Bl+1 ) < C. 



C(p) :=(2.5C , ) 2p - 1 (d + J B 1 f 2 



We conclude the proof by showing that for 1 < < B% we have 



|^6(A)| < C(|/%) for A G Z7„(0). 



(21.55) 



(21.56) 



(21.57) 



The proof of (|21.57|) proceeds by induction on p = \(3\i. 
p = 1 : Differentiating 

6(A)-a(A)-iJ(6(A),A) =0 
with respect to A; ,1 < I < 1v yields 



(I - (D b R))(d Xl b) = d Xl a + d Xl R. 



(21.58) 



Since D b R = I - D b G = I-DF we learn from (151321 that \\D b R(b(X), A)|| < 1/5 for all A e J7 p (0). 
Using in addition (|21.55f) and (|21.14|) we conclude 



\d Xl b\ < -(C + C) = 2.5C< C(l). 



(21.59) 

p — 1 — > p : Let /3 be a multi-index of order p with 2 < p < B\. Applying to (|21.58j) we 



obtain with proposition 124.251 (di = 2v, da = d$ = d) 



_ {(•) 
(I -(D b R)){d f3 b)=d^a+ (d liS) R) H^b.M, 

sGSo(/3) 1=1 



(21.60) 
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where #S (/3) < [d + #i) p , and for all s G 5 (/3) we have 1 < | 7 M|i < p, 1 < < p - 1 and 

EkkiW ^ P- Usin g a S ain that IIA^II < 1/5 conclude with (EHUD , (I2T5B1 



< | 



{(•) 



C + td + B^C- max TTC(|/? s) |^ 
1 se5 (/3)A = l ' 



(21.61) 



To estimate the maximum appearing in (|21.61f) observe that for pi + . . . +Pk = p with 1 < pi < p— 1 
for 1 < / < we have 



C(pi) • • • • • C(p fc ) < (2.5C) 2 ^ 2 (d + Bl )P 2 -2b-i). 



Since C > 1 (see (l2Tfijl . (l2T8jl N l we find 

\d?b\ < (l + (d + B 1 ) p (2.5C) 2p - 2 {d + B 1 y 2 - 2 ^-^ 

< ^C(d + B 1 ) p (2.5C) 2p - 2 (d + B{f~ 2 ^ < C{p). 

The induction is complete. Claim 5 and hence lemma [21.41 are proven. 
□ 



(21.62) 



22 An excision lemma 

Our estimates on the measure of the set of resonant parameters use the following elementary lemma. 

Lemma 22.1 Let k G N, let J C R be an interval and assume that g : J — >• R is k-times continu- 
ously differentiable. Suppose further that there exists a constant 5 > with 



> k\5 k for all x G J, 



(22.2) 



where g( k ' denotes the k-th derivative of g. For t > define It := {x G J : |<?(:c)| < £}. 



T/ien i/ie sei It is a union of at most k intervals of total length \IA < ^t fc . 



Proof. We prove the lemma inductively by showing that for each < I < k the following holds: 

(a) The function g( k ~ l ) has at most I zeros. 

(b) The set I® := {x G J : < jf 5 k ~H l / k ] is a union of at most I intervals of total 
length < f t£. 
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1 = 0: Statements (a) and (b) follow from the hypothesis of the lemma. 

I — 1 — ► I for 1 < I < k : Without loss of generality we may assume that J ^ 0. Denote xo := 
inf J and xi := sup J. By induction hypothesis (a) we can find points x\, . . . ,x\-\ £ J such that 
the corresponding intervals J s := (x s ^i,x s ), 1 < s < I contain no zero of g( k ~ l+l \ Hence g( k ~ 1 ^ is a 
strictly monotone function in each of the intervals Jn J s , 1 < s < /. This proves (a). Furthermore, 
for each 1 < s < I, the set 

u 

IP := {x £ Jn J s : b (fc -°(aOI < jS k ~ l t l / k } 

is a (possibly empty) interval. Hence I® = Us=i ^« * s a un i° n of at most I intervals. In order to 
estimate the length of I® we use the lower bound on \g( k ~ l+1 )\ outside We obtain 



< 



2 M S k-l t l/k 



+ 



2iV* 



J s n/( H > 



(22.3) 



Using ()22.3|) and the induction hypothesis the total length of I® can be bounded by 



r(0 



2tV* 
< — ^- + 



2/ i 
o 



23 The construction of p Q q 

In this section we present a resultant type construction. More precisely, for given polynomials 



p(z) 



z dl + ^ a jZ j eC[z], 
3<di 



— + b j zj e C[ 

j<d 2 



(23.1) 
(23.2) 



of degree di, d 2 > 1 we will construct a polynomial r of degree <ii<i2 with 



r(x -y) = Ri(x, y)p(x) + R 2 (x, y)q(y), 



(23.3) 



where R\, R 2 £ C[x,y] are polynomials in two variables. Furthermore we will obtain some infor- 
mation on how the coefficients of r, R\ and R 2 depend on the coefficients of p and q. We start with 
a few elementary definitions and observations. 
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Given p and q as in ()23.1j) , (|23.2f) . Denote 

K := {±a j : < j < di} U {±bj : < j < d 2 }. (23.4) 

For k, I (E No we define the following finite subsets of C 

( V k \ 

T(k,l) := < / 6 C : / = J^II X ^ ; for Xi >i G {0, ±1} U K and < /' < I > , (23.5) 
1 i=l <=i J 

where we use the standard definition that an empty sum has value and an empty product has 

value 1. The following two properties are immediate from definition (|23.5|) . For k, I, m, n € No 

T(k,l) C T(m,n) if k < m and I < n, (23.6) 
T(k,l) -T(m,n) C T(k + m,ln), (23.7) 

where T(k, I) ■ T(m, n) = {/ • g : f € T(A;, l),g £ T(m, n)}. 

Proposition 23.8 Let p, q £ C[z] be given as in \2S. \23.2\) with degrees d\, d 2 > 1 and Zei 

s S No- Then there exist unique polynomials g s , h s , v s , w s of degrees deg(<? s ) < s, deg(h s ) < s, 
deg(v s ) < d\, deg(ui s ) < d 2 and 

z s = g s (z)p{z)+v s {z), (23.9) 
z s = h s (z)q(z) +w s {z). (23.10) 

The coefficients of g s , h s , v s , w s all lie in the set T(s,2 s ). 

Proof. We only need to proof the result for the polynomial p. The unique existence of g s and 



v. 



satisfying (|23.9|) and deg(g s ) < s, deg(v s ) < d\ is obvious. Denote 



k=0 



v s{z) = Yl 



v^z k . 

k=0 



We show that g^ \ G T{s, 2 s ) by an induction in s. 

s = : Obviously, g^ = 0, = 1 and = for 1 < k < d%. By (|23.5j) all coefficients lie in 
T(0,1). 



146 



s — > s + 1 : The induction hypothesis yields 



di-2 



\fc=0 / fc=0 

Applying (|23. If) to the last term in the sum we obtain 



0+1) 



^ if 1 < A; < a + 1, 

-«o4i_i if A; = 0, 

4-1 ~ a k v di-i if 1 < A; < di. 



The claim ^ S+1) G ^(a + 1,2 S+1 ) now follows from the induction hypothesis, (|23.6|) and 

from definition (|23.5|) . □ 

Lemma 23.11 Let p, q S C[z] be given as in \23.1\) . \23. 2]) with degrees d\, d2 > 1. Then there 
exist polynomials r £ C[z], R\, R 2 € C[x,y] satisfying 

r(x -y) = Ri(x, y)p{x) + R 2 (x, y)q(y), (23.12) 

deg(r) = d\d 2 , and the leading coefficient of r equals 1 , (23.13) 

deg( J Ri) < d t d 2 , deg(i? 2 ) < d%d 2 , (23.14) 

the coefficients of r lie in T (di + d 2 ,2 dl+d2 [(d 1 d 2 )\]j , (23.15) 

the coefficients of Ri, R 2 lie inT(d,i d d\), where d := (di + l)(d 2 + 1). (23.16) 

Proof. Set V := C[x,y]/(p(x)C[x,y]+q(y)C[x,y]). The quotient V is a vector space of (complex) 
dimension d\d 2 with basis ejj := a; 1 ^, < i < d\, < j < d 2 . We define the linear map 

A:V^V, (Ag)(x,y) = (x-y)g(x,y). (23.17) 

We set r to be the characteristic polynomial of A 

r(z) := det{z — A). (23.18) 

Then r is a polynomial of degree d\d 2 with leading coefficient 1 and the theorem of Cayley-Hamilton 
implies that r(^4)eo,o = in V . This means 

r(x - y) € p(x)C[x, y] + g(y)C[x, y]. (23.19) 
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Hence there exist R\, R 2 £ C[x, y] satisfying (|23. 12f) and (|23.13j) . Observe that R\ and R2 are not 
uniquely defined. However, in order to show (j2.3.14[) and (|23,16|) we will now make a special choice 
for Ri and R2 using the notation introduced in proposition 123.81 Write 

did.2 

r(z) = E c s z s = z dld2 + E c sz s (23.20) 

s=0 s<did,2 

and note that 

(x- y y = E ( I (-irw- ? 



/=0 



Z=0 



+ (E( S ] (-i) s - l vi(x)h s -i(y) ) q(y) 



1=0 



+E I * J (-ir^K-Ky)- 

It follows from deg(v;) < d%, deg(w s ^i) < d 2 and from ()23.19() that 



d\d,2 s 

E C *E( ° \(-iy- l vi(x)w s -t(y)=0. 



s=0 1=0 

Thus we obtain a representation of the form Q23.12JI , satisfying (|23.13|) and (|23.14|) by setting 



did2 s 

R 1 (x,y) = EEM " ) (23-21) 



=0 z=o 



R 2 (x,y) = EE C M ) i-ir l vi(x)h s -l(y). (23.22) 

s=0 1=0 \ I J 

In order to prove 1)23. 15|) we determine the entries of the matrix z — A when expressed with respect 
to the basis (e^j). We compute (z — A)eij = 

ze itj - e i+ ij + e it j +1 if i < di - 1, j < d 2 - 1, 

(z + a dl _i)ei j j + E °z e U + e M+i if i = di - 1, j < cfe - 1, 

(2 - b d2 -i)eij - e i+ ij - E b l e i,l Hi<di-l,j = d 2 - 1, 

z=o 
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di-2 d 2 -2 

(z + a dl _i - 6 rf2 _i)ejj + ^ ajejj - ^ fei^j if i = d\ - l,j = d 2 - 1. 

«=o z=o 

Observe that all entries of z — A are contained in the set 

{0, l,-l}UKU{z,z + a dl -i, z - 6d 2 _i, 2 + a dl -i - Od 2 _i}. 

Expanding the determinant of z — A in a sum of products and multiplying out the diagonal entries 
z + a^-i, z — bd 2 -i and z + a^-i — bd 2 -i one sees easily that the coefficients c s , < s < d\d 2 of 
the characteristic polynomial r satisfy 

c s e T{dx + d 2 - 1, 3 • 2 dl+d2 - 2 [(d!d2)!]). (23.23) 

This proves (|2TTK|l (see lETBjl ). Finally using (t2T2lTl . (J2SI22J), (ES2SI), proposition ESE (|2T71) . 
and (|23.6|) we conclude that the coefficients of R\, R 2 lie in the set 

T {did 2 + di + d 2 - 1, (dufa + l)2 dld2 • 3 • 2 dl+d2 - 2 [(d 1 d 2 )!]2 dld2 ) , 

proving (|23.16|) . □ 

Definition 23.24 Given p, q G C[js] as in 123.1]) . 123.2]) with d\, d 2 > 1. T/ien we denote bypQq 
the polynomial r as defined through \2'3.1T\j , 123.18]) in the proof of lemma \23.11\ 

Remark 23.25 The following example shows that for given polynomials p and q (as in H23.1]) . 
\23. 2]) ) the polynomial r is not necessarily uniquely defined by H23.12]) and \23.13]) . In fact, set 
p(z) = q{z) = z 2 and define A as in \23.1T\) . One checks easily that A 3 = and hence for 
r{z) = z A + cz 3 a representation of the form 1123.12]) can be found for all c £ C 

24 Remarks on the higher order chain rule 

In this section we collect those specialized versions of the higher order chain rule which are used 
in the paper. We formulate them for functions which are defined on open subsets of M. d and which 
satisfy some finite regularity assumptions. Of course, the formulae also hold in the case of analytic 
functions defined on open subsets of C d . 

Proposition 24.1 Let U C M. d be an open set and let X and Y be Banach spaces. Assume that 
V C X is an open set and that f : U — > V and g : V — > Y are C s - functions with s S N. Then 
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h := go f : U — > Y is also s-times continuously differentiable. For multi-indices (3 with 1 < \(3\\ < s 
and A G U, 

1/3,1 1 B\ 
d " h W = E^ E - I - l (D k g)(f(X))[d^f(X), . . .,ff*f(\)]. (24.2) 

Ol + . . . + Qffe = /3 

a, ^ /or 1 < i < k 

Proof. We prove ()24.2|) by calculating the corresponding term in the Taylor-expansion of h. 
Observe first that for A, fi G U, 



/(//)- /(A) = E i [ (^/)(A)(/z-Ar + (| / x-Ar). (24.3) 

l<\a\<s 

Furthermore, 

s 1 

g{v) - g{x) = E ^(D k g)(x)[v -x,...,v-x} + o(\v - x\ s x ). (24.4) 
fc=i 

From (|2Q|) and ((Hill) we obtain 
h(n) - h(X) 



E^(^)(/(A)) 



fc! 

k=l 



E i [ (9 Q /)(A)(^-Ar,..., E ^(5 a /)(A)(/x-A) c 



l<|a|<s l<M<s 



+o(\»-M s ) 

E c /3 (A)(/i-A) /3 + o(|/i-A| s ), where 



l<\(3\l<s 

1/3,1 1 1 

C /?( A ) : = Em E ^ r -^(^)(/(A))[5-/(A),...,^/(A)]. 

ai + ...+a fc = /3 
a, for 1 < i < k 

This proves ipOj) . □ 

To estimate the number of terms in (|24.2j) the following identity is useful. 

Proposition 24.5 Let k, r EN and Zei /3 G Nq 6e a multi-index. Then 

oi+...+o fe =/3 

Proof. Applying the formula for multinomials we obtain for fc, s G N 

*" = (! + . .. + !)•= E ai ,/ ! . Qfc r ( 24 - 7 ) 

Furthermore, fc'^' 1 = fc^ 1 • . . . • fc^ r . Applying ()24.7|) to each of the the factors ft&, 1 < i < r, yields 
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24.1 Higher derivatives of DW 

We use the notation of section ITH1 The following is an immediate consequence of proposition 124. ll 

Corollary 24.8 Let W be defined as in section U^ with respect to some real power series ^ ctky k 
with positive radius of convergence < r < oo. Assume further that u : U — > X is a C°° function, 
where U is some open subset ofM. d , (X, | • |) is a Banach space, and \u(X)\ < r for all A G U. Set 
R(X) := DW{u{\)), then for v e X 

1/3,1 1 m 

= £ E fc! ftl . . (3 k l ( Dk+1 W)(u)[d^u, flfati, v\. (24.9) 

k=1 0i + ... + p k = p 

fc^O for 1 < i < k 

24.2 Derivatives of inverse matrices 

Corollary 24.10 Let B be a Banach algebra with unity. Let U C W 1 be an open set and assume 
that G, H : U — > B are C s - maps, such that H~ 1 (\) exists in B for all A 6 U. Then for 
l<\P\i<s, 

(a) 

1/3,1 Q\ 

d^H- 1 ) = V ; H- 1 (&* 1 H)H- 1 ...H- 1 (&*"H)H- 1 

f-f ^ ai\...a k \ 

k=l a 
»i ^ for 1 < i < k 

(b) 

dP(GH- x ) = V (-l)^ 1 V (&* 1 G)H- 1 (d a2 H)H- 1 ...H- 1 (d a "H)H- 1 

^ ai!...a fc ! 

ai + . . . + o fe = P 

ai ^ for 2 < i < k 

Proof. To prove (a) it is convenient to repeat the proof of Proposition 124.11 where one replaces 
Q24.4JI by the Neumann series 

y- 1 - x- 1 = -x~ l (v - x)x~ 1 + x~ l (v - x)x~ 1 (v - x)x~ l =f . . . . 

Claim (b) follows from (a) via the Leibniz rule. □ 
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Proposition 24.11 Let (B, \\ ■ ||) be a Banach algebra with unity e and let U Cl (i be an open set. 
Assume that A, X : U — > B are C s - maps, s G No, and vl~ 1 (A) exists for all A G U. Suppose 
further that there exist constants e > 0, M > 1, C > 1, satisfying 

\\dPA-\X)\\ < MC 1 " 1 ' for A G U, < \f3\ x < s, (24.12) 
\\d X(X)\\ < eC l/311 for A G U, < < s, (24.13) 
eM < -. (24.14) 

Then (A + X)(A) is invertible in B for all A G U and 

H^^ + Xr^A)!! < 2 fe'^llell* J M(2C) I/311 /or A G U, < k% < s. (24.15) 

Proof. From condition (|24.14|) it follows that ||Xj4 _1 || < 1/2. Therefore we can invert S : = 

e + XA^ 1 by a Neumann series. Keeping in mind that ||e|| > 1 (by sub-multiplicativity of the 
norm) we obtain that 

WS^W < \\e\\ + 1 < 2||e||. (24.16) 

Furthermore, we can express 

(A + X)- 1 = A~ 1 S~ 1 . (24.17) 

We have thus proved Q24.15|) for (3 = 0. In order to estimate derivatives of (A + X) -1 we use the 
Leibniz rule, (|24.12j) - (|24.14|) . proposition 0131 and find for 1 < < s, 

11**11 < g-^—l^ill^A^II 

< E ^7#^T eMCl/311 
£j <*!(/? -a)! 

< ^(2C) Wl . (24.18) 

We apply (|24.17j) . Corollary I2TT0I (124.1 2jl . (124.1 til) . (124.1 811 and proposition l24~5l to obtain for 
1 < i < s the following estimates. 

Wd^A + xy 1 ]] = Wd^A^s- 1 )]] 

^ E E i MCl^(2l| e l|) fc - (2C) 

ai + . . . + Q fc = /3 
a, ^ for 2 < j < fc 



|aa|i+...+|«fc|i 
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I/3|, + 1 

s E E ^^j'^imi' 

ai + . . . + Q fe = /9 
«i ^ for 2 < i < k 

\P\i+l 

< 2 fc l/3|l ||e|| fe Af(2C)^l 1 . 

k=l 

This completes the proof of Proposition 124.111 □ 
24.3 The chain rule in a special case 

The goal of this section is to make the multi-linear form D k g which appears in formula (|24,2|) more 
explicit in a special case. Before we state our proposition we introduce the following notation. For 
/ : U — > X smooth (U C M. d open, X a Banach space), and a multi-index (5 S Nq we denote 

f m ■= j^f. (24.19) 

Proposition 24.20 Let U C R and V C R d be open sets and let f : U -> V , p : V M be C s - 

functions. Then the composition g = po f is also a C s - function with 

9 w= y: ( P [a] °f) e nfi// (24.2i) 

l<|«|l<« J* eN «* /orl<i<d i=li=1 

E; 1-5*11 = * 

Remark 24.22 In formula (|24.21j) we need to clarify the notation S 1 E N ai , if «j = 0. In this case 
we understand |<5 J |i = and use the standard convention for the empty product 

fi/f 5, =i. 

Proof. One could derive proposition l24.2(H from proposition l24.ll However, it is more convenient 
to give a direct proof via Taylor expansion. In fact, proposition 124. 201 is a consequence of the 
expansions 1)24. 23j) and (|24.24j) below. For r,teU 

P(f(r))-p(f(t)) = £ p^(f(t))(f(r)-f(t)r + o(\f(r)-f(t)n 

l<|a|i<s 

= £ P [al (/(*))nUW-/i(*)r + «(k-*| S ), (24-23) 

l<|a|i<s t=l 
s 

fi{r)-fi(t) = E/! P] (^-*) P + °(^-*| S )- (24-24) 
p=l 
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□ 

24.4 Differentiating implicitly denned functions 

Proposition 24.25 Let k, d lt d 2 , d 3 € N and let U C R dl , V C W* 2 be open sets. Suppose further 
that f : U — ► V, x i— ► /(a?) and g : V x U — > M rf3 ; i— ► g(y,x) are C k - functions. Then 
G : U — > M d3 ; := g(f(x),x) is again a C k - function and the derivatives d@G, 1 < < fc, 

can 6e written in the following form. 

d^G = J2(d yi g)d^f l+ E •n^/.W, (24.26) 

i=l se5 (/3) ?=1 

5 (/9) ^ a set o/ cardinality #S {f3) < (d 2 + |/3|i) l/?|1 - d 2 , (24.27) 

1< l7 (s) |i < forsGSo(P), (24.28) 

< < /or s E So (/?), (24.29) 

1 < |a[ s) |i < \P\i ~ 1 /or s G S (/3) and 1 < Z < (24.30) 

^K (s) |i<|^|i fors€So(J3). (24.31) 
i=i 

Proof. We prove proposition by induction on The case = 1 is straight forward to 
verify. Suppose that (J24.26|) holds for some 1 < < k-1 and denote d^G = A(p) + B(fi), where 
A(/3) and B((3) denote the sums in iSCTt . Let 1 < m < di- Then d p+e ™G = d em A{f3) + d £m B((3) 
with 

/ d 2 \ d 2 / d 2 \ 

a e ™ a(/3) = (^ i3 ) ^ +e -/ 4 + E E foAs) ^ + 

Vi=i / i=i \j=i y 

= /+//. 

Note that / = A(j3 + e m ), whereas II contributes 0^2(^2 + 1) terms to B{(3 + e m ) which satisfy 
conditions (|24.28|) - (|24.31|) with respect to (3 + e m (note that \f3 + e m |i > 2). It is not difficult to 
see that d em B{0) is a sum of at most #Sq(/3) ■ (d 2 + 1 + terms where each summand again 
satisfies (|24.28j) - (|24.31jl with respect to + e m . Using again \/3\i > 1 we conclude that d^ +em G 
can be written in the form ()24.26j) and the corresponding conditions (|24.27|) - (|24.31|) hold. □ 
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25 Table of notation used in chapters II and III 



A A 

A, A\ 


Q4.13fl. (14.14)) 


i 




tncorcml2.19l 


Bo, Bi, B 2 


i^^^^^^n i^^^^^^ii i^^^^^^^i 

H4.19|l. (|4.20|i . 1)4.21)1 


Bp(X), B{X,p) 


EH 


c 


<|4.5[l 




l|4.49|l. I|4.5()jl 


D(u) 


13.2)1 


D N 


1)4.6)1 


Dp 


1)4.38)1 




proposition 119.11 


D w 


lemma 118.11 


D T , D K , D E {x) 


l|4.22|l. (|4.39|). (I4.23|l 


J 1 J 


JX"^TI /fX"^rfl JX"^7?li 

14. 24)1. 1)4.25)1. 1)4. 2o|) 




I4.4()jl 


Di, Di,j (1 < i < 4, 1 < j < 5) 


1)4.27)1 - (|4.37l) 


E p , Eg, Em 


i^^^^^^Ti j^^^^^^T 

[)4.15)1. (|4.16j). 1)4. 17)1 


F 


theoreml2.19l 


fJ 


1)2.10)1 




dcrinition 15.211 


Mj, j > 


1)4.48)1 




lemma 14.541 


Nj, j > 


()4.43ll. ()4.44|) 


P 


l|3.6[) 


V 


1)3.13)1 


VOL 


1)4.51)1 


<1 


(|4.18[1 


Q 


1)3.5)1 


Q 


H3.12|l 


r F ,b 


63 


s 




S 


(23 


T(i)(A), TW(6,\) 




U P {Z), U(Z,p) 




V(w), V(B,u), Vi 


itTTCji. iTOTTi. BT2l 
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w 


lemma 118.11 


W a ,c, lOtr.l 


definition 15.151 




definition 15.211 


Zc, Zc 




Oik 




7 


theorem |2~T§1 




proposition 119.11 


Sj,j>0 




K 


theorem EH 


k 


dm 


A (0) 






ifOTji 




633J 




633, iiOHii 


a J 


63 


T 




V 


63 




section El G) 




tiTTH>. ll2~TH 


n 


<l2~T5t - E3 


H.Hi, |- |a 


section 01 A) 


< ,• > 


63 


[•] 




L-J 


63 
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